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Abstract
The superfluid Stirling refrigerator (SSR) is a recuperative Stirling cycle refrigerator which
provides cooling to below 2 K by using a liquid 3 He-4 He mixture as the working fluid. In 1990,
Kotsubo and Swift demonstrated the first SSR, and by 1995, Brisson and Swift had developed
an experimental prototype capable of reaching a low temperature of 296 mK. The goal of this
thesis was to improve these capabilities by developing a better understanding of the SSR and
building SSR's with higher cooling powers and lower ultimate temperatures.
This thesis contains four main parts. In the first part, a numerical analysis demonstrates
that the optimal design and ultimate performance of a recuperative Stirling refrigerator is
fundamentally different from that of a standard regenerative Stirling refrigerator due to a mass
flow imbalance within the recuperator. The analysis also shows that high efficiency recuperators
remain a key to SSR performance. Due to a quantum effect called Kapitza resistance, the
only realistic and economical method of creating higher efficiency recuperators for use with
an SSR is to construct the heat exchangers from very thin (12 tm - 25 pm thick) plastic
films. The second part of this thesis involves the design and construction of these recuperators.
This research resulted in Kapton heat exchangers which are leaktight to superfluid helium and
capable of surviving repeated thermal cycling. In the third part of this thesis, two different
single stage SSR's are operated to test whether the plastic recuperators would actually improve
SSR performance. Operating from a high temperature of 1.0 K and with 1.5% and 3.0% 3 He-
4 He mixtures, these SSR's achieved a low temperature of 291 mK and delivered net cooling
powers of 3705 pW at 750 mK, 977 tW at 500 mK, and 409 pW at 400 mK. Finally, this
thesis describes the operation of three versions of a two stage SSR. Unfortunately, due to
experimental difficulties, the merits of a two stage SSR were not demonstrated and further
work is still required. However, despite these difficulties, one of the two stage SSR's was able
to reach an ultimate low temperature of 248 mK from a high temperature of 1.03 K.
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Chapter 1
Introduction
This thesis is part of an ongoing program to develop the superfluid Stirling refrigerator (SSR)
from a laboratory proof of principle machine into a practical engineering device. The SSR is a
Stirling cycle refrigerator which uses a liquid 3 He-4 He mixture as the working fluid. It is the first
of a new class of refrigerators which use the standard ideal gas refrigeration cycles and liquid
3 He-4He mixtures to provide cooling below 2 K. The first SSR was demonstrated in 1990 by
Kotsubo and Swift [1, 2], and by 1995, Brisson and Swift [3-6 had developed an experimental
prototype capable of reaching a low temperature of 296 mK from a high temperature of 1.05
K. Operating the same SSR, Watanabe, Swift and Brisson [7] demonstrated cooling to 168
mK while exhausting heat at 387 mK to a 3 He evaporation refrigerator. Unfortunately, the
cooling powers and ultimate low temperature of these SSR's were not enough for the SSR to
be considered a useful device. To improve these capabilities, the goals of this thesis are to
develop a better understanding of the SSR and build SSR's with higher cooling powers and
lower ultimate temperatures.
The thesis is divided into four main parts. In the first part, the SSR is analyzed using a
simple numerical model. Due to a lack of high heat capacity materials at sub-Kelvin tempera-
tures, the principal design configuration of a high cooling power SSR is that of a recuperative
Stirling refrigerator. The analysis demonstrates that the optimal design and ultimate perfor-
mance of a recuperative Stirling refrigerator is fundamentally different from that of a standard
regenerative Stirling refrigerator due to a mass flow imbalance within the recuperator. The
analysis also shows that high efficiency recuperators remain a key to SSR performance. Due to
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a quantum effect called Kapitza resistance, larger conventional recuperators made from metal
can not significantly improve SSR performance. The only realistic and economical method of
creating higher efficiency recuperators for use with an SSR is to construct the heat exchangers
from very thin (12 pm - 25 pm thick) plastic films. The second part of this thesis involves
the design and construction of recuperators using thin plastic films. After several attempts,
this research resulted in Kapton heat exchangers which are leaktight to superfluid helium and
capable of surviving repeated thermal cycling. In the third part of this thesis, two different
versions of a single stage SSR are operated to test whether the plastic recuperators would ac-
tually improve SSR performance. Operating from a high temperature of 1.0 K and with 1.5%
and 3.0% 3 He- 4 He mixtures, these SSR's achieved a low temperature of 291 mK and delivered
net cooling powers of 3705 pW at 750 mK, 977 pW at 500 mK, and 409 puW at 400 mK. These
cooling powers are an order of magnitude larger than those of the Brisson and Swift refrigerator
and can easily be doubled by using a 6% 3 He-4 He mixture. The low temperature results show
good agreement with the numerical model of a recuperative Stirling refrigerator while the high
temperature results show qualitative agreement with the phonon-roton gas model of Brisson
and Patel [8]. In an attempt to improve the low temperature performance of the SSR, the final
part of this thesis involves the operation of three versions of a two stage SSR. Unfortunately,
due to experimental difficulties, the merits of a two stage SSR were not demonstrated and fur-
ther work is still required. However, despite these difficulties, one of the two stage SSR's was
able to reach an ultimate low temperature of 248 mK from a high temperature of 1.03 K.
As a result of this work, the single stage SSR may now be considered a useful device. Its
cooling powers are large enough for a number of applications, and it is currently the only closed
cycle sub-Kelvin refrigerator capable of operating in space without generating magnetic fields.
Also, the cooling powers demonstrated are enough to allow the single stage SSR to be used as
the upper stage of other closed cycle refrigerators such as the cold-cycle dilution refrigerator [9]
which operates from lower high temperatures and may be capable of achieving milli-Kelvin
temperatures.
The remainder of this chapter is divided into two sections. The first section provides back-
ground information for a reader who is unfamiliar with the SSR while the second section de-
scribes the organization of the thesis.
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1.1 Background
This background section addresses four main questions: why build an SSR, how does an SSR
work, what are the key issues in SSR design, and what previous SSR's have been built?
1.1.1 Why build an SSR?
Refrigeration below 1 K is required in many fields of research including particle physics, surface
chemistry, material science, and condensed matter physics. It is also used in some detector
systems such as bolometers and proposed gravity wave detectors. However, current sub-Kelvin
refrigerators have features which preclude their use by most organizations. When fully devel-
oped, the SSR promises to better fill refrigeration needs in these fields and allow more researchers
access to temperatures below 1 Kelvin.
Compared to other continuous cooling sub-Kelvin refrigerators - the dilution refrigerator,
the 3 He evaporation refrigerator, and the adiabatic demagnetization of a paramagnetic salt,
the SSR has several advantages, including being more efficient and potentially less expensive.
It does not require the expensive sealed pumps and extensive pumping lines of both the 3 He
and dilution refrigerators and does not generate the high magnetic fields of a demagnetization
stage. It also delivers microwatts of cooling power for tens of watts of drive power. The other
refrigerators use kilowatts of drive power to deliver the same cooling power. Finally, the SSR
does not require modification of its basic cycle to work in a zero gravity environment. Coupled
with its low power consumption, this advantage makes the SSR ideal for sub-Kelvin applications
in space.
The main disadvantage of the SSR is that its technology is not yet fully developed, and when
it is fully developed, the SSR will probably only achieve ultimate low temperatures between 75
to 100 mK. This lower limit is due to dissipation from the SSR's moving parts at its cold end.
Both the adiabatic demagnetization stage and the dilution refrigerator are capable of reaching
milli-Kelvin temperatures. However, the development of a high cooling power SSR, capable
of delivering between 1 mW at 300 mK and 4 mW at 500 mK, will allow the construction of
other closed cycle refrigerators such as the cold-cycle dilution refrigerator [9], which use liquid
3 He-4He mixtures as the working fluids and are able to achieve milli-Kelvin temperatures.
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1.1.2 How does an SSR work?
The SSR is a Stirling cycle refrigerator which uses a liquid 3 He-4 He mixture as the working
fluid to provide cooling below 2 K. To understand how an SSR works requires explanations of
the standard Stirling refrigerator, the unique properties of liquid 3 He-4 He mixtures which allow
them to be used as working fluids, and the actual design of an SSR.
1.1.2.1 Basic Stirling refrigerator
The explanation of the standard Stirling refrigerator consists of two parts: a description of
the basic components of the refrigerator and a description of the Stirling cycle. As shown in
figure 1-1 a basic Stirling refrigerator consists of three pieces: two piston/cylinder arrangements
and a regenerator. One piston/cylinder arrangement is in thermal contact with a high temper-
ature reservoir at Th while the other is in thermal contact with a cold temperature reservoir
at Tc. The pistons, themselves, are connected by a regenerator, an array of narrow channels
which have a high heat capacity. The regenerator is designed so there is no heat interaction
between the hot and cold pistons. This design and the high heat capacity of the regenerator
material usually results in a linear temperature distribution through the regenerator from the
hot to the cold piston.
Cooling is achieved in the Stirling refrigerator by using its components to force the working
fluid of the refrigerator, typically an ideal gas, through the Stirling cycle. The Stirling cycle
begins with the working fluid in the hot piston at temperature Th, as shown in figure 1-1. The
fluid is then compressed isothermally which results in a heat transfer from the working fluid to
the high temperature reservoir. The fluid is then forced through the regenerator and into the
cold piston by a constant volume displacement. As the fluid passes through the regenerator,
it cools and enters the cold piston at temperature Tc. The temperature distribution in the
regenerator does not change significantly due to its high heat capacity. In the cold piston,
the working fluid is expanded isothermally which results in a transfer of heat from the low
temperature reservoir to the working fluid. Using a constant volume displacement, the fluid is
then returned to the hot piston at temperature Th, by passing it through the regenerator where
it reabsorbs the heat deposited there earlier. This is the starting position of the cycle. The net
effect of the cycle is a heat transfer from the low temperature reservoir to the high temperature
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Figure 1-1: Basic Stirling refrigerator and the Stirling cycle.
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reservoir.
Real Stirling refrigerators differ significantly from the idealized model described above in
several ways. The pistons usually execute harmonic motions rather than discontinuous motions
in order to simplify the drive mechanism. The heat transfer within the regenerator is never
complete, resulting in fluid entering the pistons at temperatures different from Tc and Th. Gaps
in the hot and cold pistons exist, resulting in nonzero clearance volumes. The fluid in the pistons
is often not isothermal due to limited heat transfer between the pistons and the surroundings.
To enhance heat transfer between the pistons and the surroundings, heat exchangers are often
placed between the pistons and the regenerator. Finally, the working fluid may not behave as
an ideal gas. Despite these differences, the principle of operation is as described above, with the
net result being a transfer of heat from the low temperature reservoir to the high temperature
reservoir.
1.1.2.2 Properties of liquid 3He-4He mixtures
To understand why liquid 3 He-4He mixtures can be used as a Stirling cycle refrigerant
requires an explanation of two properties - the superfluidity in liquid 3 He-4He mixtures and
the P-v-T relationship of the osmotic pressure of liquid 3 He mixed in liquid 4 He. Above 2.17
K, liquid 4 He is a normal viscous fluid. However, below 2.17 K liquid 4 He becomes a mixture of
two fluids: a normal viscous fluid and a superfluid which has a viscosity of zero. To illustrate
what this means consider figure 1-2. The figure shows two containers - one filled with pure
liquid 4 He and the other with a liquid 3 He- 4 He mixture. Both containers are plugged with a
superleak (a porous piece of glass which has 40 angstrom channels through it). Above 2.17 K,
there is no flow out of either container. However below 2.17 K, a portion of the liquid 4He
becomes superfluid and is capable of flowing out of the top container without a pressure drop.
Only superfluid 4He flows out of the bottom container because 3 He does not become superfluid
until milliKelvin temperatures are achieved. An additional property of superfluid 4 He that
needs to be understood is that, at these temperatures, the superfluid portion of liquid 4 He does
not participate thermodynamically. Superfluid 4 He is in a ground state and has zero entropy
associated with it [10].
We next consider the P-v-T relation of the osmotic pressure of liquid 3 He in liquid 4He.
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Figure 1-2: Illustration of 4 He and 3 He-4He superfluidity.
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Figure 1-3: Illustration of osmotic pressure of liquid 3 He-4 He mixtures. Both containers are
held at the same temperature.
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We start by defining the osmotic pressure of liquid 3 He. Figure 1-3 shows two containers, one
containing liquid 3 He-4He mixture and the other containing pure 'He at uniform temperature.
The containers are connected by a superleak which allows the free passage of only the 4 He
between the containers. The figure shows that there is a pressure difference between the two
containers. This pressure difference is the osmotic pressure of liquid 3 He in liquid 4He. It is the
pressure difference that a rigid semipermeable membrane, permeable only to 4 He, must sustain
in order to maintain partial mutual stable equilibrium [11] (equal temperatures and chemical
potentials) between the 3 He- 4He mixture and the pure 4He. This pressure difference prevents
the migration of 4He through the superleak that would be driven by a chemical potential
difference. To first approximation (using the van't Hoff relation for osmotic pressure [11]), the
osmotic pressure of liquid 3 He in liquid 4He obeys the ideal Boltzmann gas relation at low 3 He
concentrations.
The important concepts to understand in this section are that there are two helium liquids
mixed together. To first approximation, the 4 He liquid is a superfluid and thermodynamically
does not participate while the 3 He liquid behaves as an ideal Boltzmann gas. This combination
of properties allows 3 He-4He mixtures to be used as a Stirling cycle refrigerant.
1.1.2.3 Superfluid Stirling refrigerator
Because the SSR uses a liquid 3 He-4He mixture as a working fluid, its hardware is slightly
different from that of the basic Stirling refrigerator. At the SSR's operating temperatures, the
3 He portion of the liquid 3 He-4He mixture behaves, to a first approximation, as an ideal gas in
a thermodynamically inert background of incompresible 4 He. At these temperatures, the liquid
4He is also a superfluid, able to flow through the smallest of gaps. As figure 1-4 shows, the SSR
capitalizes on these properties by equipping both pistons with superleaks which allows liquid
4 He but not 3 He to flow to reservoirs on the back side of the pistons. These superleaks enable
the 3 He to be forced through a Stirling cycle which results in the cooling action of the SSR.
1.1.3 Key issues in SSR design
This section provides a brief overview of the key issues in SSR design. This overview is short
because many of the key issues in SSR design are similar to those of dilution refrigerator design,
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Figure 1-4: Basic SSR
and several books have been written on that topic. The best of these books are Matter and
Methods at Low Temperature by Pobell, Experimental Principles and Methods Below 1K by
Lounasmaa, Experimental Techniques in Low Temperature Physics by White, and Experimental
Techniques in Condensed Matter Physics at Low Temperatures by Richardson and Smith [12-
15].
The key issues in SSR design are divided into two types - issues which limit SSR design
and construction and issues that involve secondary systems which are not central to SSR design
but are needed for SSR operation. The limitations in SSR design and construction arise mainly
from the characteristics of material properties below 1 K and from the features of the 3 He-
4He phase diagram. There are four material properties which influence SSR design - thermal
contraction, thermal conductivity, heat capacity, and the Kapitza resistance to heat transfer.
Thermal contraction is a key issue because materials which can be used to construct an SSR
vary between 0.2% - 2.1% in their thermal contraction from room temperature to 4 K. Care
is required to insure that materials are matched in such a way to prevent leaks and large
thermal stresses. Thermal conductivity is a key issue because materials that have exceptionally
high or low thermal conductivities are useful for design purposes. Isothermal surfaces are
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Figure 1-5: Phase diagram of liquid 3 He-4 He mixtures.
typically made out of oxygen-free-high-conductivity (OFHC) copper which has a high thermal
conductivity while low thermal conductivity materials such as plastics, Vespel, and graphite
are used for thermal isolation. Heat capacity is a key issue for two reasons. The first reason
is that, below 1 K, only liquid 3 He has significant heat capacity. This fact becomes important
in the design of regenerators and counterflow heat exchangers of the SSR. The second reason
is that the room temperature heat capacity limits the overall size of the SSR. Since the SSR
must be cooled from room temperature to 1 Kelvin, a large SSR becomes more expensive in
both time and money to operate.
The Kapitza thermal boundary resistance to heat transfer, especially between the liquid
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heliums and solid construction materials such as OFHC copper, CuNi, and plastics, is probably
the most important issue. It is important for an understanding of regenerator and counterflow
heat exchanger performance below 1 Kelvin. The Kapitza thermal boundary resistance is
defined by Rk = AT/Q where AT is the temperature drop across the interface of two different
materials and Q is the heat flow rate. Several theories have been proposed to explain the Kapitza
resistance to heat transfer. The most successful theory is the acoustic mismatch theory. Below
1 Kelvin, heat is transferred mainly by phonons (sound waves). The acoustic mismatch theory
suggests that in a manner analogous to light reflection and transmission at a boundary between
materials with different speeds of light, heat is reflected and transmitted at the boundaries
of materials having different speeds of sound. Materials with similar speeds of sound have
lower Kapitza thermal boundary resistances. For our purposes, it is sufficient to know that the
Kapitza resistance to heat transfer between metals and the liquid heliums is much larger than
the Kapitza resistance between the liquid heliums and plastics.
The design and construction of the SSR is also limited by the 3 He- 4 He phase diagram.
As figure 1-5 shows the 3 He-4He phase diagram is divided into three distinct regions - a
homogeneous normal fluid region above the A line, a two phase region, and a homogeneous
superfluid mixture region between the phase separation line and the A line. The SSR can only
operate in the homogeneous superfluid region which restricts possible designs. SSR design is
further complicated because, within the homogeneous superfluid region, the P-v-T relation of
the osmotic pressure of liquid 3 He in liquid 4He is not strictly that of an ideal Boltzmann gas.
At low concentrations and low temperatures, the osmotic pressure obeys the ideal Boltzmann
gas law; at low temperatures and higher concentrations, the osmotic pressure obeys the Fermi
gas equation of state; and at high temperatures and low concentrations, the osmotic pressure
behaves as a mixture of two gases, an ideal Boltzmann gas of 3 He and a phonon-roton gas of
4He excitations.
The other key issues in SSR design involve secondary systems. These systems are divided
into two main types - those necessary to achieve sub-Kelvin temperatures and those needed
to make measurements at low temperature. To achieve temperatures below 1 K, requires two
vacuum systems, a gas handling system, and a vibration isolation system. The first vacuum
system is required to operate the 4He evaporation refrigerator which provides cooling at 1 K.
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The second vacuum system is needed to provide vacuum insulation around the SSR. The gas
handling system is required to fill the SSR at 1K and to provide exchange gases which are used
to cool the SSR from room temperature to 4 K. Vibration isolation systems are required to
achieve temperatures well below 1 K where a ptW of dissipation is significant.
To make measurements at low temperatures requires some fairly sophisticated electronic
system in order to have low dissipation. Most measurements, including thermometry, are
made using simple alternating current resistive, capacitive, or inductive bridges with very low
amplitude signals and lockin amplifiers at room temperature.
1.1.4 History of the SSR
1.1.4.1 Kotsubo and Swift SSR
The first prototype of an SSR, shown in figure 1-6, was built by Kotsubo and Swift [1, 2].
Each piston is made with two nickel bellows which are interconnected by a superleak made
of Vycor glass. The regenerator side of both pistons contains the 3 He-4He mixture while the
back side of both pistons holds superfluid 4He. The hot piston is pinned at 1.2 K by a 4He
evaporation refrigerator. The regenerator is built out of thirty 200-micron-ID Cu-Ni capillary
tubes which are immersed in liquid 3 He. The liquid 3 He acts as the high heat capacity material
in this regenerator.
This refrigerator operates at speeds of 0.25 rpm with piston volume displacements of 0.9
cm 3 and typical 3 He-4He concentrations of 12%. It achieves a temperature of 590 mK and a
net cooling power of 5 ptW at 700 mK.
However, this design is limited in its performance. The Vycor glass allowed the diffusion of
3 He through the superleaks over time. This diffusion decreased the performance of the refrig-
erator and changed the refrigerator properties over time. The speed at which this refrigerator
operated was also limited by the regenerator design. 3 He has a high heat capacity but a low
thermal conductivity [10]. Therefore, the thermal penetration depth of the 3 He is small and
gets smaller as the frequency of operation is increased. Since the effective heat capacity is
proportional to the surface area times thermal penetration depth, the effective heat capacity of
the regenerator also decreases with increasing frequency reducing SSR performance.
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Figure 1-6: Kotsubo and Swift SSR
1.1.4.2 Brisson and Swift SSR
Brisson and Swift [3-5,16-18] realized the achievable cooling power of the Kotsubo and Swift
machine was limited by the regenerator and built a recuperative SSR, shown in figure 1-7, that
consisted of two Stirling refrigerators operating 180 degrees out of phase with each other. These
two refrigerators regenerate each other by using a counterflow heat exchanger (the recuperator).
This recuperator consists of 238 250 pam ID CuNi capillaries silver soldered in a hexagonally
closed pack array with alternating rows corresponding to each half of the SSR. The use of
convective heat transfer in a recuperator rather than diffusive heat transfer used in the Kotsubo
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and Swift regenerator design allows higher operating speeds and a corresponding increase in
the refrigerator's cooling power because the performance of the recuperator does not depend
on the thermal penetration depth of 3 He. The pistons of the SSR are made from stainless steel
edge welded bellows with nested convolutions which minimize the clearance volumes within the
pistons. Both sides of the pistons are filled with 3 He- 4 He working fluid so that the pistons are
double acting. This feature eliminates the Kotsubo and Swift SSR's problem of 3 He diffusing
through the superleaks.
The Brisson and Swift refrigerator operates at speeds of 3 rpm with piston volume displace-
ments of 0.8 cm 3 , 3 He-4 He mixture concentrations of 6.6%, and a volume of 7 cm 3 in each half
of the refrigerator. Anchoring the hot piston at 1.05 Kelvin with a 4 He evaporation refrigerator,
this refrigerator achieves a temperature of 296 mK and net cooling powers of 930 pW at 700
mK and 140 pW at 500 mK. Operating the same SSR, Watanabe, Swift and Brisson [7, 19]
later achieved a temperature of 168 mK while anchoring the hot piston at 387 mK with a 3 He
evaporation refrigerator.
1.2 Thesis Organization
The work in this thesis is divided into four main parts, each of which corresponds to a chapter.
Chapter 2 deals with the analysis and modeling of the SSR. It is primarily concerned with
providing a clearer understanding of the difference between the standard regenerative Stirling
refrigerator and a recuperative Stirling refrigerator. Chapter 3 describes the performance,
design, and construction of the plastic recuperators used in this thesis. Chapter 4 provides an
experimental evaluation of the single stage SSR while Chapter 5 does the same for the two
stage SSR.
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Chapter 2
Analysis and Modeling of the SSR
The absence of high heat capacity regenerator materials below 1K requires that high cooling
power SSR's use the Brisson and Swift design configuration. This design configuration consists
of two SSR's operating 180 degrees out of phase from each other with a recuperator (a counter
flow heat exchanger) acting as their regenerators. As this chapter will show, the performance
of a recuperative Stirling refrigerator is fundamentally different from a regenerative Stirling
refrigerator due to a mass flow imbalance within the recuperator. This chapter attempts to
provide a clearer understanding of the recuperative Stirling refrigerator and provides some
guidelines for SSR design.
In order to highlight the differences between a regenerative Stirling refrigerator and a recu-
perative Stirling refrigerator which use an ideal gas as the working fluid, the chapter is divided
into two main sections. In the first section, the performance of a perfect regenerative Stirling
refrigerator is examined using the analytic Schmidt solution [20]. Plots are created to provide
an order of magnitude understanding of how changes in SSR geometry affect SSR performance.
In the second section of the chapter, the recuperative Stirling refrigerator is studied using a
numerical model.
2.1 Regenerative Stirling Refrigerator
This section reviews the Schmidt analysis of the Stirling cycle in order to define terminology,
identify relevant dimensionless parameters, and provide an estimate of the cooling power of a
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Figure 2-1: Schmidt's model of the Stirling refrigerator
regenerative Stirling refrigerator. The terminology used is slightly different from the traditional
definition of variables in references like Urieli [21]. Also, the Schmidt equations and solution
are written as functions of dimensionless parameters, and the performance of the SSR is given
as functions of these parameters in order to reduce the number of variables and generalize the
results.
2.1.1 Schmidt model
The first analysis of a Stirling cycle was published in 1871 by Professor Gustav Schmidt. [20,
21] As shown in Figure 2-1, Schmidt subdivided his Stirling machine into five components.
He assumed that the heat exchangers and regenerator were perfect and a linear temperature
gradient existed from one end of the regenerator to the other. Schmidt also assumed that the
pistons were driven sinusoidally at constant frequency, the machine had reached cyclic steady
state, and the working fluid of the engine obeyed the ideal gas law. Due to the simplicity of the
mathematics and the availability of a closed form solution, the Schmidt analysis has become
the classic model for the Stirling cycle machine. The Schmidt analysis accurately predicts the
cyclic power of the machine [21], but because it assumes perfect heat exchange, can only provide
an order of magnitude upper bound for heat transfers and machine efficiencies.
Table 2.1 defines the variables used in this section for the analysis of the SSR. Our ap-
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Symbol Definition
Vt Total volume of refrigerator
Vswh Swept volume of hot piston
V8Wc Swept volume of cold piston
Vclh Clearance volume of hot platform
Vcic Clearance volume of cold platform
Vh Total volume of hot platform
Vc Total volume of cold platform
Vr Volume of the regenerator
Th Hot platform temperature
Tc Cold platform temperature
Tr Effective regenerator temperature
P Pressure within refrigerator
N Total number of 3 He moles in refrigerator
Nh Total number of 3 He moles in hot platform
Nc Total number of 3 He moles in cold platform
N, Total number of 3 He moles in recuperator
QC Cooling power at cold piston per cycle
Qh Heat rejection at hot piston per cycle
We Work input at cold piston per cycle
Wh Work input at hot piston per cyle
Wt Total refrigerator work input per cycle
0 Cycle angle in radians (equivalent to crank angle)
f Cycle frequency
R Universal gas constant
Table 2.1: Variables used to describe SSR
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plication of the Schmidt model differs from the traditional Schmidt model in that the two
main components of each platform other than the piston - the isothermal heat exchanger and
the piston clearance volume - are lumped together as a single clearance volume at the same
temperature as the piston platform. In order to identify the relevant dimensional groups, the
Schmidt equations and solution are written in terms of dimensionless parameters. The analysis
starts by converting the sinusoidal variations in the piston volumes,
1
V= VchI + --Vswh [1 + cos 0] and (2.1)2
1
Vc= Vc1c + -V"e [1 + cos(O + a)], (2.2)2
into their dimensionless forms,
Vh VeIh 1Vah
- = - + - [1 + cos 0] and (2.3)Vt Vt 2 Vt
V~ V~ 1V
C = + -I [1 + cos(O + a)], (2.4)Vt Vt 2 V
by dividing by the total volume, Vt. For a Stirling refrigerator, a is usually J.
Since the total number of moles of 3 He is constant in the refrigerator, the expression,
N Nh + Nc + Nr, (2.5)
can be used with the ideal gas law, PV NRT, to write
P[Ve V, VhlN=- + -- + - . (2.6)
R [T Tr Th
For a linear temperature distribution across the recuperator, the effective regenerator temper-
ature [21] is given by
Tr = Th-Tc (2.7)
ln (T)
Tc
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Plugging Equation 2.7 into Equation 2.6 and solving for the pressure, we obtain
P=NR y + be+ e se as
ITe Tr Th
In dimensionless form, the pressure may be expressed as
With the ideal gas and ideal
heat rejected by the refrigerator,
may be written as
in (Th)V V Tcj Vh Te
Vt Vt - 1 Vt Th
Te
(2.9)
regenerator assumptions, the cooling of the refrigerator, the
and the work input to the refrigerator over a complete cycle
dVQCWC= P " dO
0 dO
(2.10)
Q = -W =d (2.11)
O dO
Wt = We + Wh (2.12)
These equations can easily be converted to cooling power, Qc, heat rejection rate, Qh, and
power input, Wt, by multiplying by the cycle frequency, f.
Schmidt derived a closed form solution for Equations 2.1 - 2.12. Table 2.2 summarizes the
equations and solution of the Schmidt analysis in a dimensionless form. From the table, we
see that the dimensionless cooling power, heat rejection rate, and work are functions of five
dimensionless groups,
Qc Vswh Vswe Vein Vec Te
f N RTc V V V V Th
Qh (swh Vswc VcIh Vcc Tc
fNRTc Vt Vt Vt 'Vt' T
Wt Vw Vswc VcIc Vie Te
f NRTc V V V Vt 'Th
(2.13)
(2.14)
(2.15)
since
Vr 1Vsnwh
=-1 -Vt 2Vt
1 Vswc VcIh Veic
2Vt Vt Vt
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(2.8)
PVt V + Vr T Vh TcI -
NRTc Vt Vt Tr Vt T
(2.16)
Dimensionless Groups, General Equations, and Exact Expressions
Variable Dimensionless Group General Equation
____ ___ T. Y _1
PVt PVt V _VPressure NRT NRT Vt Vt T. 1 Vt Th
Tc
Cooling Power fN - R (f NRTC f NRT, NRTC dO Vt,
Heat Rejection Rate fNc f (i7 dOejc f RT, f NRTCJ NRT, dO Vt,
Power Input fNRT fNRTc fNRT fNRT NRT d Vt NRTc dO Vt
Exact Expressions
Pressures Pmepn '4 1 4
NR - 8v--b Vs±b
P11n.Vt PmeanVt Fj +b
NRT ~ NRT 1-b
P".in Vt 
_ P.'n.nVt 1-bNRT NRT 1+b
Cooling Power fN 1 sinQ3 - a)f NRT, 1 /l-b 2  b 2
Heat Rejection Rate fR - 7 b V -'sin#3
fNRT ,. -7s-i-b2 b V wV8 Sn
Power Input fNt 7r 1 vO1 bin -(3 - a) + sin 3
where b = 8
c= 1 + 2 cos a + t2 Vt V8wc Vt VSc Th
2 Vt Vowe V Vwe Th _ Vt Vswc Th 2 Vt Vauc Th
Tc
sin a
tan# Cosa+ 
-- '
Vt Vswc Th
Table 2.2: Dimensionless equation summary and solution for Schmidt analysis
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Figure 2-2: Schmidt cooling power versus temperature for various recuperator volume ratios
and minimal clearance volumes.
2.1.2 Results of Schmidt analysis
Figures 2-2 - 2-7 present a few results using the Schmidt solution of the previous section.
These figures provide insight into how the volumes of various parts of a regenerative Stirling
refrigerator should be subdivided in order to maximize cooling power.
Figure 2-2 shows the variation in dimensionless cooling power for various recuperator volume
ratios while figure 2-3 shows the variation of dimensionless cooling power for various clearance
volume ratios. These figures demonstrate that small increases in void volume in terms of either
regenerator volume or clearance volume substantially reduce the cooling power. This loss in
cooling power is due to a reduced pressure oscillation within the refrigerator.
Figures 2-4 and 2-5 demonstrate the variation in dimensionless cooling power for different
recuperator and swept volume ratios and reasonable clearance volume ratios. These figures
show that the dimensionless cooling power, , decreases rapidly for all temperature ratios,
L , as the recuperator volume ratio, t, is increased. This results implies that with a non-ideal
recuperator, there will eventually be a breakeven point where increasing the recuperator volume
to achieve higher efficiency will no longer result in higher cooling powers. The figures also show
that increasing the swept volume ratio, , while keeping 4T fixed results in higher cooling
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Figure 2-3: Schmidt cooling power versus temperature ratio for various clearance volume ratio
and minimal recuperator volume.
power at lower values of -. This increase in cooling power comes at the expense of reduced
Th~
cooling at higher temperature ratios.
Figure 2-6 and figure 2-7 show how the dimensionless cooling varies with different cold piston
clearance volume ratios and swept volume ratios. These figures are provided to investigate how
changing the size of the cold piston isothermal heat exchanger affects refrigerator performance.
In an SSR, large cold piston heat exchangers are required to provide enough surface area to
overcome the Kapitza resistance to heat transfer while still ensuring uniform flow distribution.
Each plot shows how the dimensionless cooling varies with temperature ratio for a fixed cold
piston clearance volume ratio and different swept volume ratios. As expected, the figures show
that increasing the cold piston clearance volume ratio, v with the other variables fixed results
in lower cooling at all values of -. However, increasing the swept volume ratio, , partially
Th an ig e vl es o
counters the effect of increasing vac . In fact, at the lower values of -T and higher values ofVswc Th
Va, a high value of v9-h can double the expected cooling power.
Summarizing, there are two main rules in maximizing the cooling power of a regenerative
Stirling refrigerator. First, the void volumes due to both the recuperator and clearance volumes
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Figure 2-8: Schematic of a recuperative Stirling refrigerator.
must be minimized. And second, the refrigerator should be top heavy ( have ratios of V > 1)vswc
in order to maximize cooling at values of L < 0.5. This effect becomes more important as theTh
low temperature clearance volume is increased.
2.2 Recuperative Stirling Refrigerator
This section studies the recuperative Stirling refrigerator using a numerical model. The first
part of this section derives the equations for the numerical model while the second part uses the
results of the model to provide a clearer understanding of a recuperative Stirling refrigerator.
2.2.1 Adiabatic model with an imperfect recuperator
Figure 2-8 is a schematic of a recuperative Stirling refrigerator. The schematic shows two
refrigerators (refrigerator sides A and B) which operate a 180 degrees out of phase with each
other. The regenerator of each refrigerator has been replaced by a counterflow heat exchanger.
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Figure 2-9: Picture of a generic finite volume.
Each refrigerator side consists of five parts: a hot piston, a hot isothermal heat exchanger, a
cold piston, a cold isothermal heat exchanger, and one half of the recuperator.
Unlike the regenerative Stirling refrigerator, an analytic expression for the cooling power
of a recuperative Stirling refrigerator does not exist, and a numerical model must be used to
calculate cooling powers and ultimate temperatures. The numerical approach used is the finite
volume, upwind, implicit scheme of Patankar [22]. This approach is used because it is easy
to set up, unconditionally stable, and can generate accurate solutions using a small number of
finite volumes.
To derive the discretized equations for each of the refrigerator parts, this section first derives
an expression for the individual finite volume shown in figure 2-9. This expression is then
applied to each of the individual components of the SSR. The differential equations of the
components are derived using the variables defined in table 2.1 on page 40 and in table 2.3. In
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the derivation of this section, inertial effects, pressure drops, viscous dissipation, and conduction
of the working fluid are neglected because these effects are small compared to the effect of an
inefficient recuperator under typical SSR operating conditions.
The derivation begins by writing mass and energy balances for the control volume shown in
figure 2-9.
- (n) = nin - nout (2.17)dt
dd- (E) = nhin - nothout + Win + indt
= ninhin - nout hout - P di + U A(Tre5 - T ) ( 2.18)
In the energy equation, Tref depends on the finite volume being considered. For a recuperator
finite volume, Tref refers to the temperature on the other side of the recuperator (correspond-
ing to the other refrigerator half) while for a isothermal heat exchanger, Tref refers to the
temperature of the piston platform.
To write equation 2.18 in terms of enthalpy, the following equation
d dV dF
-(PV) = P d+V (2.19)
di di dt
is added to the energy equation to obtain
d dV dV dP
- (E+ PV) = inhin-houthout - P + UA(Tref - T) + P + V
dt dt dt dt
d dP(H ) = inhin - hout hout + UA(Tref - T) + V dt
dt dt
d dn dh dP
- (nh) = -h + n- =inhin-houthout + UA(Tref - T) + V . (2.20)
dt dt dt dt
Multiplying the mass conservation equation, equation 2.17, by h and subtracting this equation
from equation 2.20, we obtain
d(nh) dn dPh = nin(hin - h) - nout(hout - h) + UA(Tref - T) + V .(2.21)
dt dt dt
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Symbol
n
nh
E
H
h
V
P
UA
Cp
cv
CV
Y= 
tP
i=2-r N
oV= g
p = NRT
0 = 27rft
Ntu = UAfNcp
NtUheat
Subscripts
in, out
i
Subscripts
Definition
Moles of 3 He in finite volume
Mole flow rate of 3 He into or out of finite volume
Energy within finite volume
Enthalpy within finite volume
Specific enthalpy
Power tranfer into or out of finite volume
Heat tranfer rate into or out of finite volume
Volume of finite volume
Pressure within one side of the refrigerator
Overall heat transfer coefficient of finite volume multiplied by area
Specific heat with respect to constant pressure
Specific heat with respect to constant volume
Ratio of specific heats
Dimensionless temperature
Dimensionless 3 He flow rate
Dimensionless volume
Dimensionles pressure
Dimensionless time (in radians and equivalent to cycle angle)
Number of tranfer units in a recuperator finite volume
Number of tranfer units in an isothermal heat exchanger finite volume
Definition
Refer to flows into and out of a finite volume
Identifies a specific finite volume spatially
Definition
Refers to a specific time step
Table 2.3: Additional variables used to describe SSR.
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Figure 2-10: Schematic showing labeling scheme between adjacent finite volumes.
Since, for a perfect gas, h - h, = cp(T - T,) and dh = cpdT, we can write
d(ncpT)
dt
dn dP
-d cpT = nincp(Tzn - T) - noutcp(Tout - T) + UA(Tref - T) + V d.
Equation 2.22 can be non-dimensionalized by dividing by 1T to obtain
Ain
2,rfN
Tin
Te
T ) nout
Tc 2,cfN
Tout
Te
2rUA (Tref
2,r f Ncp Te,
T) +-y-1V d
Tc y Vt dO
Equation 2.23 can be written in a more compact form using dimensionless variables and the
labeling scheme shown in figure 2-10 which relates adjacent finite volumes. The resulting
equation is
d (ni
dO N
ti) ddO
(ni UA 3y-1 dp
n ti i_1 (t4_1 - ti)-i (ti+1 - ti)+2,rfNc (tref ti)+ vI d p (2.24)
where z 2rfN
Using an upwind scheme with the following definition
[[4 0|| = zi
0
if i > 0
if i < 0
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(2.22)
PVt( PRt.N RTc) (2.23)
(2.25)
d (nT)
dO NTc
T
Te
d (n) T
dO N Te
to relate the flows into and out of the finite volumes, equation 2.24 can be rewritten as
- [ bL-1,011 ti - [[-ii, 0] |ti + [[zi-1,0| |ti1 + [[-i, 0]] ti+1
UA ~ y-l dp
+ (tref - ti) + v . (2.26)27rf Nc, y dO
This equation can be further discretized by using an implicit scheme (backward difference) for
time. Using the superscript, j, as the time indice, the general discretized equation for a finite
volume at time step j + 1 can be written as
n tj -+ _
N AO
-[i±1 ti I +
_ _ Pj+1 701 t +1
UA ±tj+1
27rf Ncp ef (2.27)
Expanding the terms of equation 2.27 out for time step j + 1 and for each finite volume i
within an isothermal heat exchanger results in the following set of equations:
aj+1z~t =ai+1t + a _it&_+ + bi
ai  = +NAO
+ + [[I1 0 + UAi- ' 0* 
' -j+ 1 27rf Ncp
= +1,
= A + 0 P1101+II 1
bi =~ ~ +N At
UA +f - zj+1 Pj+1 _P
27cf NcP re i 0
n+i NtUheat j±+1  - I J1PPj+1_
NAO 27r ref i AO
Doing the same expansion for a finite volume within the recuperator results in
ai+1t + aiit + UA tj + b-i+1 + -a 1 _+2rf Nc +
j+N j+1±Nt + b1
- ai+1 il~ + ai-t- + 2w ref+b?
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aj- 1
+ NtUheat
27r
aj+1
(2.28)
d (n- i d (ni )t
d t dO N t
-tj*+1 + v+ + 1 -0 
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* y V AO
IP+1 1011 tj+1
t j+1
I 1 011 tj+1 + I P i+' 011 i+1 +
_ __ E.+'01±[ j+±1~I UA
a- = +- z 5, +- -in 0NA -1 . -- '1 . 2irfNcp
[[ ~ji1 [[j+1o]]1+ Ntu
i-L ] + 2iA~O + [P+ 1 - 7
aj+1 = - 0
ai_1 = [j110]
ni t 7- j+1 Pj+1_-Pibi = + 2± (2.29)NA y AO
Each of the adiabatic pistons are modeled using one finite volume, and the expansion of
equation 2.27 for the pistons results in the following expressions:
j+1 j+1 j+1
ait = ailit± + a i, + b-
N O+ Ilij+?7 11I + I +'0
a+ [-+1 0]] if it exists
a- 1 = i+ ,0] if it exists
n t 7 1 j+1j+1 _g
b = nt + vj+i P -i (2.30)NAO i AO
In order to obtain the cooling power of the recuperative Stirling refrigerator, a cyclic steady
state solution to equations 2.28 - 2.30 is required. This solution is obtained by casting the
problem as an initial value problem and carrying out the numerical intergration until cyclic
steady state is achieved. For an intial temperature profile which is linear between hot and cold
pistons, a cyclic steady state solution is obtained in five to six cycle periods.
The solution of equations 2.28 - 2.30 at each time step is an interative process. At time step
j + 1, the volume and a good estimate (from time step j) of the temperature of every finite
volume is known. Using this information, the pressure within the refrigerator, the moles of 3 He
within each finite volume, and the 3 He flow rates between the finite volumes can be obtained.
This information, in turn, is used to calculate the coefficients of equations 2.28 - 2.30. The
complete set of equations are solved using a full matrix inversion to obtain a better estimate of
the temperature within each finite volume, and the process is repeated until the temperatures
and pressure converge upon a solution. Appendix B provides the matlab code that was used to
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solve these equations.
2.2.2 Adiabatic model results
Figure 2-11 compares the Schmidt cooling power of a regenerative Stirling refrigerator to the
adiabatic cooling power of a recuperative refrigerator for two different geometry configurations.
The plots show the variation of the cooling power of a recuperative Stirling refrigerator with
Ntu. As expected, the highest cooling powers and lowest ultimate temperatures correspond to
the higher Ntu recuperators. However, the main point of the plots is that even with almost per-
fect recuperators (Ntu = 1000), the ultimate temperature and cooling power of a recuperative
Stirling refrigerator are severely limited when compared to a regenerative Stirling refrigerator.
Unlike the regenerative Stirling refrigerator which can theoretically achieve an ultimate tem-
perature ratio of zero, the recuperative Stirling refrigerator is only able to achieve an ultimate
temperature ratio of about 0.2. Also at temperature ratios less than 0.5, the recuperative
Stirling refrigerator produces significantly less cooling power.
The reason for this drop in performance can be seen in figure 2-12. This figures shows the
dimensionless 3 He flow rate through the center of the recuperator for both refrigerator sides.
As the figure demonstrates, the flows on each side of the refrigerator are not symmetrical.
During each cycle, there is short time, high speed flow from the hot piston to cold piston
followed by a long time, low speed flow from the cold piston to the hot piston. Since the two
refrigerator sides operate 180 degrees out of phase, this flow difference results in incomplete
recuperation. Also, for about one quarter of the cycle, the recuperator acts not as a counterflow
heat exchanger but as a parallel flow heat exchanger. This flow imbalance severely limits the
ultimate temperature and cooling powers of a recuperative Stirling refrigerator because, even
with a high Ntu recuperator, there will always be a significant heat load on the cold piston due
to the warm fluid which makes its way from the hot piston to the cold piston.
Figures 2-13 - 2-16 are provided to investigate how refrigerator volumes can be rearranged
to improve performance. Figures 2-13 and 2-14 plot adiabatic cooling power versus temperature
ratio for a fixed clearance volume ratio and various recuperator volume ratios. These figures
show that for a given clearance volume ratio, there is a non-zero recuperator volume ratio which
minimizes the ultimate low temperature. For practical clearance volume ratios, the optimum
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recuperator volume ratio is approximately 0.20 which corresponds to a minimum temperature
ratio of about 0.2. Figures 2-15 and 2-16 plot adiabatic cooling power versus recuperator volume
ratio for various clearance volumes ratios and two temperature ratios. The figures show that for
a given clearance volume ratio, there is a non-zero recuperator volume ratio which maximizes
cooling power at a given temperature. This result contradicts the results of the regenerative
Stirling refrigerator which suggested that all void volumes should be minimized to maximize
cooling power.
These results can be understood by examining figure 2-17 which shows the dimensionless
3 He flow rate at the center of the recuperator for various recuperator volume ratios. The figure
demonstrates that as the recuperator volume ratio is increased, the asymmetry in the mass flow
rates is reduced, which in turn reduces the heat load to the cold piston. Although the flows
are becoming more symmetrical as the recuperator volume ratio is increased, the cooling power
eventually starts to drop due to the reduced pressure oscillation within the refrigerator.
Figures 2-18 and 2-19 show that, unlike figures 2-4 - 2-7 for a regenerative Stirling refrigera-
tor, increasing the swept volume ratio, ,'a' may not improve the low temperature performance
of a recuperative Stirling refrigerator. With almost perfect recuperators, figures 2-15, 2-16 and
2-18 demonstrate that increasing the swept volume ratio, , does improve the low tempera-
ture performance of a recuperative Stirling refrigerator. However, as the Ntu of the recuperator
decreases, figures 2-18 and 2-19 demonstrate that increases in the swept volume ratio result in
lower cooling powers and higher ultimate temperatures.
Summarizing, the performance of a recuperative Stirling refrigerator is fundamentally differ-
ent from a regenerative Stirling refrigerator due to a mass flow imbalance within the recuperator.
This mass flow imbalance puts a significant, unavoidable heat load on the cold piston. The flow
imbalance and heat load can be reduced by increasing the void volume of the refrigerator. How-
ever, increasing the void volume also decreases the cooling power by reducing the amplitude
of the pressure oscillation within the refrigerator. Maximum net cooling powers and miminum
low temperatures are achieved by balancing these two effects and using the highest possible
Ntu recuperators. Also, top heavy (u > 1) recuperative Stirling refrigerators should only
be built with very high Ntu recuperators.
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Figure 2-11: Adiabatic cooling power of a recuperative Stirling refrigerator versus temperature
ratio for two different geometry configurations (E",= 1 and 8g = 2) and various recuperator
Ntu. Simulation results correspond to Ntuheat = 50, E = 0.15 and V- = = 0.33.
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Regenerative Schmidt results are provided for comparison.
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Figure 2-12: Dimensionless 3 He flow rate at center of recuperator versus crank angle to illustrate
flow imbalance between recuperator sides. Positive flow is from hot piston to cold piston.
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Figure 2-13: Adiabatic cooling power of a recuperative Stirling refrigerator versus temperature
ratio for two different geometry configurations (E = 1 and 5V-2 = 2) and various recuperatorV8wc Vwc
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Ntu = 1000.
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Figure 2-17: Dimensionless 3 He flow rate at center of recuperator versus crank angle for different
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Figure 2-18: Adiabatic cooling power of a recuperative Stirling refrigerator versus temperature
ratio for different Ntu and E"w. Simulation results correspond to NtUh et = 50, Vegl _ -VeWC V -a V8, c
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Figure 2-19: Adiabatic cooling power of a recuperative Stirling refrigerator versus temperature
ratio for different Ntu and E"h (continued). Simulation results correspond to NtUhet = 50,V8wc
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Chapter 3
Design, Construction, and
Performance of Plastic Heat
Exchangers
Previous work on the SSR was intended only as a demonstration of the Stirling cycle at low
temperatures. For the SSR to become a practical refrigerator, higher cooling powers and lower
ultimate temperatures must be achieved. These goals require that the efficiency of the SSR's
recuperators be increased, especially at low temperatures.
The main obstacle to low temperature, high efficiency recuperators is the high Kapitza
boundary resistance. Kapitza boundary resistances dominate the overall heat transfer coefficient
in heat exchangers at low temperatures. To mitigate this effect, previous workers [14] used
stepped sintered-metal heat exchangers to increase the thermal contact in dilution refrigerator
heat exchangers. Metals were always chosen for their high thermal conductivity. Unfortunately,
these sintered heat exchangers can not be used in a high cooling power SSR due to their
extremely large internal volumes. Large internal volumes in a SSR result in a reduced pressure
oscillation, and consequently, reduced cooling. There is no such effect in dilution refrigerators.
Frossati and co-workers [23-27] developed and demonstrated a novel approach towards miti-
gating Kapitza resistance effects in low temperature heat exchangers by using plastics. Frossati
realized that the Kapitza resistance between helium and plastics is about ten times lower than
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Figure 3-1: Comparison of overall thermal resistance (-I) between CuNi and Kapton for a 25
pm wall thickness.
the resistance between helium and metals, and thin plastic membranes between two helium
flows have better heat transfer characteristics than a corresponding metal heat exchanger at
low temperatures. Figure 3-1 provides a comparison of the overall thermal resistance between
two helium streams for CuNi and Kapton. The wall thickness is 25 pm.
Our analysis of recuperator designs for a superfluid Stirling refrigerator results in our adop-
tion of a Kapton film recuperator design. The other designs considered include Brisson's metal
recuperator design which consists of 0.305 mm OD x 0.038 mm wall CuNi tubes arranged in
a hexagonally close packed array [5], a similar design made using 0.067 mm OD x 0.008 mm
wall Kapton tubes [28], and a design made using 25 pm CuNi plates. Compared to the CuNi
designs, a Kapton film recuperator has three main advantages: better overall heat transfer coef-
ficients, lower axial conduction, and lower cost. The better overall heat transfer coefficients and
lower axial conduction make it easier to construct a high efficiency recuperator [29]. The cost
of plastic film recuperators is about ten times lower than metal recuperators of the same size.
The total cost of the recuperators used in this thesis ranges in price from $1,200 to $1,800 while
the material cost of a similarly sized CuNi recuperator is $10,000. The principal advantages of
a Kapton film recuperator over the Kapton tube recuperator are cost and ease of fabrication.
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The total cost of Kapton film recuperators are about thirty times less than the material cost of
Kapton tubes. Also, the fabrication of a Kapton tube recuperator would have been extremely
difficult due to the sheer number of tubes required to ensure equivalent performance.
High efficiency plastic film recuperators are not easy to construct. Specifically, the difficulties
in building a plastic heat exchanger include: 1. the large thermal stresses caused by the
difference in thermal contraction coefficients between plastic and metal parts, 2. the use of
very thin plastic membranes in the construction of the heat exchanger, 3. the requirement for
the heat exchanger to be leaktight to superfluid 4He despite the large number of joints and the
use of epoxy to seal these joints, and 4. the need for the flows through the heat exchanger
to be uniformly distributed through the passages to ensure high efficiency. Unfortunately, a
published "recipe" on the design and construction of a plastic heat exchanger for sub-Kelvin
use does not exist.
This chapter addresses this need by describing the design, construction, and performance
of the Kapton film heat exchangers which have successfully been used with our SSR's. The
construction section includes specific step-by-step instructions on how our Kapton recuperators
were built.
3.1 Design of the Kapton Recuperator
This section describes the design of the Kapton film recuperators. Specifically, the section
provides a description of each part of the recuperator and outlines the part's purpose. A
Kapton recuperator consists of three main parts: a metal header, a Kapton-Stycast 1266 epoxy
frame, and a recuperative section.
As shown in figure 3-2, the metal header is made of two machined pieces of OFHC copper
silver soldered to stainless steel tubes. When the pieces are sealed together using an indium o-
ring, they form a 0.079 cm by 0.953 cm by 6.509 cm plenum which serves as the flow distribution
passage to the stainless steel tubes. Both of the copper pieces are also designed so that OFHC
copper fins can be attached to them. These copper fins extend the isothermal heat exchanger at
each SSR piston from within the piston platform to the recuperative layers of heat exchanger.
Finally, these metal pieces allow the easy connection of the recuperator to the rest of the SSR
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using indium o-ring seals. Schematics of the metal headering pieces are shown in figures 3-3
and 3-4.
The Kapton-Stycast 1266 frame consists of a Kapton-epoxy plate into which Kapton-epoxy
tubes are glued. The stainless steel tubes of the metal headering piece in turn are glued into
the Kapton-epoxy tubes. This metal tube within a plastic tube design allows the recuperator
to withstand the thermal stresses due to the transition from the all metal headering piece to the
plastic portions of the heat exchanger. Since the thermal contraction coefficient of plastics is
larger than that of metals, the design lets the plastic tighten around the metal to make a reliable
seal. The other important feature of the design is the thin walls of the stainless steel tubes.
These thin walls allow the stainless steel tubes to flex as the Kapton epoxy plate contracts
and expands. The Kapton-epoxy plate also serves as a stiff frame upon which the recuperative
portions of the heat exchanger can be glued.
As shown in figure 3-5, the recuperative portion of the heat exchanger consists of alternating
layers of 127 pm Kapton film [30] and 25.4 ptm Kapton film glued together using Stycast
1266 [31]. Each 127 pm layer has five passages 2.38 mm in width and 20 cm in length. Figure
3-6 provides a scale drawing of the 127 pm thick Kapton cutouts used in the recuperators.
The drawing shows the location of the passages, the headering holes, and the guide holes. The
headering holes uniformly distribute the flow to the Kapton passages and contain the 0.356
cm diameter copper fins which extend the isothermal heat exchangers into the recuperative
passages. The ten guide holes along the edges of the cutout are used during recuperator
construction. When the recuperator is completed, these guide holes are filled with Stycast 1266
epoxy to help prevent delamination of the layers. The diameter of both the guide holes and the
headering holes is 0.476 cm.
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Figure 3-2: Cross sectional view of the Kapton recuperator. The drawing is to scale and the
length of the recuperator is 26.0 cm.
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Figure 3-3: Schematic of metal headering piece #1. The drawing is to scale and the dimensions
of the piece are 4.45 cm by 7.94 cm.
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Figure 3-4: Schematic of metal headering piece #2. The drawing is to scale and the dimensions
of the piece are 4.45 cm by 7.94 cm.
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Figure 3-5: The arrangement of alternate layers of Kapton film within the recuperator to form
a counterflow heat exchanger
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Figure 3-6: A scale drawing of the 127pim thick Kapton cutout which illustrates locations of
holes and passages. The overall dimensions of the Kapton cutout are 7.620 cm by 25.162 cm.
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3.2 Construction of the Kapton Recuperator
The construction of the recuperator is divided into two main steps: the building of the Kapton-
Stycast 1266 epoxy headering frame and the gluing of the recuperative layers of the heat ex-
changer.
3.2.1 Building of the Kapton-Stycast 1266 frame
The building of the Kapton-epoxy frame requires the construction of Kapton-epoxy plates and
tubes, the machining of OFHC copper headering pieces, and the assembly of all the pieces. The
construction of the Kapton-epoxy plates begins by cutting 127 pm thick Kapton film into 15 cm
by 33 cm rectangular pieces. To ensure good adhesion, both sides of these pieces are roughened
by sanding their surfaces using 220 grit sandpaper. A Kapton plate is created by pouring a
large amount of epoxy on a layer of Kapton film, putting a second layer of Kapton film on the
glue, and squeezing all the air bubbles and as much of the glue out as possible using a soft
rubber brayer (a type of ink roller). The plates used consist of thirty Kapton film layers and
are approximately 0.50 cm thick. However, only fifteen layers of Kapton film can be glued at
a time because the Kapton layers start to slide during the gluing (which leads to delamination
of layers in future machining steps). The machining of the Kapton-epoxy plates requires some
tricks to prevent delamination of the layers. The plates are machined into their final sizes of
8.25 cm by 26 cm by slowly side milling [32, 33] the edges of the plates. Attempting to speed
up the process by end or face milling [32] the edges results in delamination of virtually all the
layers. Also, holes are drilled through the plates using brad point drills (a type of wood drill
which simultaneously cuts at both center and perimeter of a hole). The twelve headering holes
have a 0.714 cm diameter while the ten guide holes have a 0.476 cm diameter.
To begin the construction of the tubes, a long piece of 127 pm thick Kapton film which is
sanded on both sides using 220 grit sandpaper is attached to a 20 cm long 0.32 cm diameter
wood dowel using a small strip of packaging tape. The Kapton tube is then rolled up tightly
with a continuous layer of Stycast 1266 epoxy between the layers to a diameter of approximately
1 cm. The tube of Kapton of film and epoxy is prevented from unrolling by wrapping it tightly
with packaging tape along its whole length. After the epoxy has cured, the Kapton-epoxy tube
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is machined in a lathe to an outer diameter of 0.714 cm. The Kapton-epoxy tubes are then cut
into 1.6 cm lengths using a small hand saw, and the center of each of the lengths is drilled out
using an ordinary 0.485 cm drill.
The headering pieces are made out of OFHC copper using standard machining practices.
The 304 stainless steel tubes are 0.476 cm OD by 0.254 mm wall by 2 cm long. They are silver
soldered into the headering piece. Initially, the stainless steel tubes were soft soldered into the
headering pieces, but the soft solder was unable to withstand the thermal stresses due to the
contraction of the plastic upon cool down. All attempts to cool down with soft solder joints
resulted in leaks.
The procedure used to assemble the frame requires many steps to guarantee the seals are
leaktight to superfluid 4 He. First, the OFHC copper headering pieces are bolted onto a Delrin
jig which insures that the headering pieces are parallel and the correct distance (21.656 cm)
apart. Delrin is used for the jig material because Stycast 1266 does not adhere to it, which
allows the jig to be reused. The stainless steel tubes of each of the headering pieces are sanded
to remove the oxide layer. Stycast 1266 epoxy is applied liberally to the surface of the stainless
steel tubes, the headering holes of the Kapton-epoxy plate, and the Kapton-epoxy tubes. The
Kapton-epoxy plate is placed on a flat surface and the headering holes are filled with glue. The
glue coated Kapton-epoxy tubes are then press fit into the headering holes of the plate. Then,
the Kapton-epoxy tubes are filled with glue, and the stainless steel tubes are press fit into the
Kapton-epoxy tubes using the Delrin jig. A large piece of 127 pm thick Kapton film is taped
down to a flat piece of glass. Enough Stycast 1266 epoxy is poured on one side of the Kapton
film to insure that long edge of the Kapton-epoxy plate is covered with glue. Using the Delrin
jig, the edge of Kapton-epoxy plate is placed in the glue, and the plate is folded over, squeezing
out the rest of the glue. After checking to make sure there were no air bubbles by looking
through the glass, three kilograms of weight are placed on the Delrin jig. Excess glue is wiped
away from the edge of the Kapton-epoxy plate, and the frame is allowed to cure. After the
epoxy has cured, the frame is cut out of the single layer of Kapton film using a razor blade, and
it is filed into its final shape. The frame is removed from the Delrin jig, and the guide holes in
the Kapton-epoxy plate are redrilled by hand using a 0.476 cm drill. The headering holes are
also redrilled by hand using a 0.397 cm drill.
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3.2.2 Gluing of the recuperative layers
The construction of the recuperative layers of the heat exchanger is divided into three main
tasks: the gluing of the 127 ptm thick Kapton cutout, the gluing of the 25 Pm thick Kapton
septum, and the gluing of the final layers of the heat exchanger.
The gluing of the 127 pm thick Kapton layer on top of a 25 pm thick layer involves two
main steps: a preparation step and a gluing step. In the preparation step, the portion of the
heat exchanger that has already been constructed is readied by first cutting out the portions
of the 25 pm thick Kapton septum which cover the guide holes. If necessary, the guide holes
are redrilled by hand. Then, the areas around the guide holes and edges, any raised areas, and
both sides of the Kapton cutout are lightly sanded to roughen the surface. The gluing step
starts by using an ink brayer to apply a very thin coating of epoxy to the appropriate side of
the cutout. Then, using a couple of Teflon rods which have slightly smaller diameters than
the guide holes, the cutout is placed onto the existing heat exchanger. All the air bubbles are
squeezed out from under the transparent layer of Kapton using a wedge like piece of Teflon. The
transparency of the 127 pm thick Kapton layer allows this step to be performed very effectively,
ensuring a leaktight seal. The Teflon rods within the guide holes prevent the movement of the
cutout during this process. Then, using a lint free tissue, any excess epoxy is removed from
the 127 pum cutout's passages and surface. The Teflon rods are then carefully removed, and the
heat exchanger is placed under a heat lamp. The position of the heat lamp is preset to ensure
a surface temperature of approximately 60 degrees Celsius which allows the epoxy to cure in
about an hour.
The gluing of the 25 pm thick Kapton layer on top of a 127 pum thick layer also involves a
preparation step and a gluing step. The preparation step begins by clamping a 40 cm square
piece of the 25 pLm thick Kapton layer into 33 cm ID circular frame. The circular frame used
here is the same type of wooden frame used for holding fabric in needlepoint. The Kapton layer
is stretched as tightly as possible within the frame. Then, two 29 cm ID loops of a plastic tube
which contain a total of 4.5 kilograms of lead shot are placed on the Kapton layer to tension
the layer. The existing portion of the recuperator is prepared by lightly sanding any raised
areas and the outside edges of the recuperator. Before the gluing step begins, the recuperator
is bolted to the much stiffer Delrin jig of the previous section to prevent the recuperator from
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warping due to the tension applied by the 25 pum Kapton layers. The gluing step starts by
using the ink brayer to apply a very thin coat of epoxy to the raised surface of the existing
portion of the heat exchanger. Any excess epoxy is removed using a Q-tip covered with a lint
free tissue. Then, the 25 pum thick Kapton layer along with the lead shot weights are placed in
one motion onto the heat exchanger which is already positioned below a heat lamp. All the air
bubbles are carefully squeezed out towards the guide holes using a wedge like piece of Teflon.
The transparency of the Kapton film allows you to ensure that no epoxy blocks the passages
and the seals are leaktight. As in the previous step, the curing of the epoxy takes about one
hour under the heat lamp.
The uniform tensioning of the 25 ptm Kapton film in the previous step is a key part of
recuperator construction because it prevents the Kapton film from sagging into the passages.
This sagging is caused by the pressure differences across the film during SSR operation and the
loosening of the 25 pm Kapton film upon cooldown. The Kapton film loosens during cooldown
because Kapton-Stycast 1266 composite material has a higher thermal contraction coefficient
than Kapton. Uniform tensioning is also required to prevent ripples from forming on the surface
of the Kapton film. Ripples are created when the Kapton is tensioned in only one direction,
and they make it extremely difficult to form a leaktight seal.
An approximate calculation of the maximum deflection of the 25 prm Kapton film during
SSR operation can be made using Prandtl's membrane theory for thin rectangular gaps and
estimates of the thermal contraction coefficients of the various materials and the film tension.
For a thin rectangular gap, Prandtl's membrane theory gives the maximum deflection of a thin
film as -= 2"'8 , where Pmax is the maximum pressure difference across the membrane, w
is the width of the gap, and T is the tension of the film. An estimate of the thermal contraction
of the Kapton-Stycast 1266 composite from room temperature to 4 K was made by measuring
the thermal contraction at 77 K ( 77 - 60 x 10-) and extrapolating this result to 4 K
69 x 10-4) by using the relative contraction rates of other plastics (j77 ~ 0.87).
Since Kapton's 4K thermal contraction coefficient has not been measured, Kapton's thermal
contraction is assumed to be the same as that of another polyimide, Vespell. Vespell's 4 K
thermal contraction is NL4  63 x 10- 4 [13]. A conservative estimate of the tension applied to
the 25 pim Kapton film during the above gluing step is 780 N/m. This tension corresponds to
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a stress of 31 MPa. Kapton's yield stress is 69 MPa and its room temperature elastic modulus
is 2500 MPa [30]. Using these values, the tension in the film decreases to 740 N/rn during a
cooldown to 4 K. With w = 2.38 mm and Pmax = 15 kPa, the maximum deflection is bmax = 14
prm which is about 10% of the passage height. The maximum deflection can be reduced to 7
prm by doubling the tension to near the yield stress of the film. However, this tension increase
will require the use of a much stiffer Kapton-Stycast 1266 frame in order to prevent warping of
the heat exchanger. The maximum deflection can also be reduced by decreasing the width of
the passages.
The last step in the construction of the recuperative section of the heat exchanger is the
gluing of the final layers. This step begins by drilling out the twelve headering holes by hand
using 0.476 cm brad point drill. Very light pressure must be used while drilling these holes
because it is very easy for the Kapton to delaminate during this step. After the holes are
drilled and debris has been blown out, the 0.355 cm OD OFHC copper fins are placed into
each of the headering holes and screwed into the metal headering piece. A final 25 Um Kapton
film layer is then carefully attached. This layer is followed by seven sanded 127 pum layers (not
cutouts) which serve as protection for the heat exchanger. Then, the guide holes are drilled
out by hand. A piece of tape is attached to the back of each guide hole, and the guide hole
is filled with Stycast 1266 epoxy. During this step, the edges of the heat exchanger are also
covered with Stycast 1266 and a final unsanded 127 pm layer is attached. Filling the guide
holes and covering the edges of the heat exchanger with epoxy help prevent the heat exchanger
from delaminating. The final unsanded 127 pm layer is added for cosmetic reasons.
3.3 Theoretical Performance of the Kapton recuperator
Having described the design of the Kapton recuperators and their construction in the previous
sections, this section concentrates on the theoretical performance of the heat exchangers. Specif-
ically, this section uses simple equations to estimate the performance of the heat exchangers
in terms of pressure drop, , and thermal efficiency, Ntu [34]. The parameters which deter-
mine heat exchanger performance are given in table 3.1 along with the dimensions used in our
recuperator design. To date, the recuperators which have 25, 40, and 100 flow passages per
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Symbol Definition
N Number of flow passages per recuperator half
w 2.38 mm Width of a flow passage
h = 127 pm Height of a flow passage
L = 20 cm Length of a flow passage
t = 25 pm Thickness of Kapton film between counterflowing streams
AKapton = 10 cm 2  Total Kapton cross sectional area perpendicular to the flow passages
Aheat ~ 2NwL Surface area available for heat transfer between counterflowing streams
Dh = 2 Hydraulic diameter of flow passage
Table 3.1: Parameters used to describe the recuperator.
recuperator half have been constructed for our SSR.
For these recuperators, a worst case estimate of the pressure drop across the recuperators
can be calculated fairly easily. Under typical SSR operating conditions, the largest 3 He volume
flow rate within a recuperator is approximately Q = 4 cm3 /sec. These flow rates can be
converted to molar flow rates using Radebaugh's expression [35] for the 3 He molar volume
27.58 cm3___
Vm = + 7.60 + 1.65x 2  m 3  (3.1)
z mole 3He
where x is the average 3 He concentration in the SSR. Assuming a worst case condition (small-
est recuperator, highest flow rates, lowest viscosity), this conversion results in a maximum
Reynold's number,
Re= 3 moleSHe QDh (3.2)
NwhVm/p
of 1800 where p is the viscosity of the 3 He component of the 3 He- 4He mixture. Since the flow
is always laminar, the pressure drop through a rectangular passage is then given by
AP = 12p.L (3.3)
Nwh3
The viscosity of dilute 3 He-4He mixtures has not been measured between 300 mK and 1.0
K. However, at 1.0 K, the viscosity of dilute 3 He-4He mixtures is approximately 1.5 p.Pa-
sec [36], and below 100 mK, the viscosity obeys the relation p = 005 0 6 Pa-secK2 [12]. An
extrapolation of this relation results in 0.55 p.Pa-sec at 300 mK. Using a value of 1 pPa-sec for
the viscosity and the dimensions of our recuperator passages, the worst case estimate of the
81
pressure drop across the recuperator is AP = 80 Pa which results in A - 0.01.
Calculating the thermal efficiency of the recuperator is a more difficult problem for a number
of reasons. An exact calculation of the recuperator thermal efficiency requires a solution to
coupled differential equations for the counterflowing streams and Kapton under the oscillating
flow and pressure conditions of the SSR. This solution also has to account for viscous effects,
axial conduction effects for both the fluid and Kapton, geometry effects, and varying material
and fluid properties.
However, an estimate of the recuperator thermal efficiency can be obtained using a number
of simplifying assumptions. Specifically, the thermal efficiency of the recuperator is calculated
using the peak flow rates in the SSR while ignoring the effects due to viscous flows, axial
conduction, and geometry. The overall heat transfer coefficient is calculated using the worst
case values for material and fluid properties. This approach is justified because the neglected
effects are small, and the approach results in a conservative estimate of the thermal efficiency.
Also, the SSR simulations of chapter 2 require only the recuperator thermal efficiency (in terms
of Ntu) and the recuperator volume.
The calculation of the heat exchanger Ntu requires the average overall heat transfer coef-
ficient between the two counterflowing streams, Uav, the total surface area available for heat
transfer, Aheat, and the peak heat capacity flow rate, rhc.
Nt Uavg A he at (3.4)
mnc
Both Aheat and rhc are specified by the SSR designer upon choosing a recuperator volume. The
problem therefore reduces to determining the heat transfer coefficient. In our heat exchanger
design, the local overall heat transfer coefficient between the two counterflowing streams, U, is
given by
1 _ 2 1 2
- = + + (3.5)
U Uflid Uwaui UKapitza
where UKapitza is the Kapitza conductance of the wall material, Uwai = Kapton is he thermal
conductance through the wall, and Ufluid is the convective heat transfer coefficient for the 3 He-
4 He mixture assuming fully developed flow. The Kapitza conductance of Kapton is given by
UKapitza = 1428T3 K [37]. Although this expression is valid for temperatures ranging from 30
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mK to 150 mK, we use this expression for temperatures up to 1.0 K because we are interested
in a worst case estimate of Ntu, and we have not been able to find Kapitza conductance values
for any plastics above 150 mK. This estimate for Kapitza conductance is conservative because
the Kapitza conductance is proportional to T 3 , and its constant of proportionality increases
with temperature [13]. The thermal conductivity of Kapton, kKapto, is assumed to obey the
relation, kKapton = 0.002T9W, which is obtained by using the value of kKaptn at 5 K [38]
and assuming that Kapton's thermal conductivity behaves similarly to that of nylon. The
convective heat transfer coefficient for fully developed laminar flow through the passages obeys
the relation Ufsid = 5 .3 8 5 *kfluid [34] where kfuigd is assumed constant at 0.04r [12]. A plot
of y is provided in figure 3-1 at the beginning of this chapter.U
The net cooling power of the SSR is equal to the intrinsic cooling at the cold platform
minus the heat loads on the cold platform. Depending on the operating condition, the heat
loads due to viscous effects and the axial conduction of the fluid and Kapton are small when
compared to either the intrinsic cooling power of the SSR or the heat load due to incomplete
recuperation. For example, in the case of the smallest recuperator, the worst case estimate of the
lost cooling due to viscous effects (2QAP) is approximately 600 pW. For the largest recuperator,
the viscous heating is about 60 pW. The worst case estimates (largest recuperator) for the axial
conduction of the fluid and the Kapton (2kpliNwhAT and kKaptonAaptonAT ) are 20 [pW and 10
ptW respectively. For comparison, even with high Ntu heat exchangers, the heat loads due to
incomplete recuperation under normal SSR conditions are between 2 mW and 3 mW for large
differences between the inlet temperatures of the hot and cold streams (1.0 K and 400 mK for
example). For small temperature differences between inlet and outlet temperatures (1.0 K and
900 mK), the cooling powers of the SSR are between 5 mW and 10 mW.
In our recuperator design, there are two types of geometry effects which can significantly
affect the performance of the Kapton recuperators. The first effect is due to outer layers of
the heat exchanger. These layers have half the surface area available for recuperative heat
transfer when compared to the middle layers of the heat exchanger. For the flow passages in
the first and last layer, this results in an Ntu per passage which is half that of the passages
of the inner layers. However, as long as the Ntu of the recuperator is high, this geometry
effect will not significantly change the overall performance of the recuperator. For example,
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a heat exchanger which has two layers per half with an inner layer Ntu of 20 has an overall
thermal efficiency of 93% while the efficiencies for the inner and outer layers are 95% and 93%
respectively. Additionally, in a high Ntu recuperator, the thermal coupling between inner and
outer passages will further reduce this geometry effect.
The second type of geometry effect which can affect heat exchanger performance is due to
the variation in flow passage height. Since the flow within a passage is inversely proportional to
the height cubed, a q% change in passage height results in approximately a 3q% change in flow.
Therefore, small variations in height can lead to large differences in the flows between passages.
The only ways to prevent this problem from significantly affecting heat exchanger performance
are to make the passage heights as uniform as possible and build heat exchangers with high
Ntu. High Ntu heat exchangers ensure that a large number of flow passages are thermally
linked. For recuperators used with an SSR, this geometry effect is not as important due to
the large mass flow imbalances which occur naturally between the counterflowing streams of a
recuperative SSR. However, in building our SSR's, every effort was still made to ensure uniform
passage height by using repeatable procedures during the construction of the recuperator. Also,
the heat exchangers were designed to have high values of Ntu.
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Chapter 4
Experimental Performance of Single
Stage SSR's
The experimental performance of two single stage SSR's is reported. These SSR's are identical
except that their recuperators differ in size.
4.1 Single Stage SSR With Small Plastic Recuperator
In this section, the experimental performance of the first SSR to use a plastic recuperator is
reported. This SSR is a single stage machine, has a total internal volume of 87.56 cm 3 , and uses
a 3.02 cm 3 Kapton heat exchanger. Operating from a high temperature of 1.0 K and with a
1.5% 3 He-4 He mixture, this SSR achieves a low temperature of 344 mK and delivers net cooling
powers of 1856 ptW at 750 mK, 358 pW at 500 mK, and 97 pW at 400 mK. Cooling power
versus cold piston temperature for various frequencies of operation and for two piston stroke
configurations are provided.
4.1.1 Description of the SSR
Figure 4-1 shows a schematic of our SSR. This refrigerator is of the Brisson and Swift type
having two SSR's operating 180 degrees out of phase with each other and using a counterflow
recuperator as the regenerator. The SSR consists of a hot (compressor) platform connected to
a cold (expander) platform by a Kapton recuperator. This machine is referred to as a single
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Figure 4-1: A cross sectional view of the single stage SSR.
stage SSR because it has only a single expander platform and because this SSR's expander
platform will eventually serve as the upper expander of a two expander machine called the two
stage SSR [39].
The hot and cold platforms of this SSR are made of solid blocks of OFHC copper on which
pistons are mounted. The pistons are made with edge welded stainless steel bellows [40] which
have convolutions that nest into one another to minimize void volume. The effective areas of the
pistons, based on the manufacturer's specifications, are 17.74 cm 2 for the hot platform pistons
and 13.61 cm 2 for the cold platform pistons. The hot platform pistons are rigidly connected
together and driven sinusoidally using a push rod from a room temperature drive. The cold
platform pistons are similarly connected and driven. The hot platform temperature is pinned
at approximately 1.0 K by a "He evaporation refrigerator [41].
Within each piston platform, there are superleaks made from porous Vycor glass which
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allow the superfluid 4 He to freely flow between the halves of the SSR during operation. In the
hot platform, the superleaks are three Vycor cylinders 6.03 cm in length with diameters of 1.39
cm, 1.35 cm, and 0.72 cm. In the cold platform, the superleaks are three Vycor cylinders 10.63
cm in length with diameters of 0.74 cm. The large number of Vycor cylinders in the platforms
provide a total superleak cross sectional area of 4.63 cm 2 and allow the SSR to run at higher
speeds and higher temperatures and with larger volume displacements than previous SSR's
without exceeding 4 He critical velocities [16]. The measured values of 4 He superfluid critical
velocity range from 75 cm/sec at 1.2 K to 2 cm/sec at 1.75 K [42], and the superleak cross
sectional area is designed to allow a 4 He flow rate of 2 cm 3 /sec at 1.75 K. The total volume
of the Vycor glass in the SSR is 33.84 cm3 . Since 28% of the Vycor glass is void space [43],
the glass contributes 9.47 cm 3 to the total 3 He- 4He mixture volume of the SSR. However, the
3 He that diffuses into this volume does not participate in the operation of the SSR because
its diffusion times are substantially longer than the SSR cycle period. This 3 He is effectively
trapped and does not undergo either compression or expansion during the SSR cycle.
Within each piston platform, there are also isothermal heat exchangers. These heat ex-
changers are necessary for the SSR to deliver high cooling powers because most of the expansion
(compression) of 3 He within the pistons of a large SSR occurs adiabatically and heat must be
added (removed) from the working fluid before it enters the recuperator. To accomplish this,
large surface areas are needed to overcome the Kapitza boundary resistance between the copper
and the 3 He-4He mixture. However, this surface area must come with minimal void volume in
order to maintain the magnitude of the pressure oscillation within the SSR.
Our SSR's isothermal heat exchangers are made from nested OFHC copper cylinders press
fit into the piston platforms. A 76 pm gap exists between the inner wall of an outer cylinder
and the outer wall of an inner cylinder. At the top and bottom of each cylinder, there is a
flow distributor 0.635 mm deep and 0.317 cm wide around the cylinder circumference. Each
half of the hot piston platform contains one cylinder, 2.14 cm in length with a diameter of
3.80 cm, which provides a total heat transfer area of 65.94 cm 2 . Each half of the cold piston
platform contains two cylinders that provide a total heat transfer area of 209.70 cm 2 . The first
cylinder is 3.97 cm in length with a 4.11 cm diameter while the second cylinder is 4.88 cm in
length with a 3.52 cm diameter. These heat exchangers are a significant improvement over the
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heat exchangers used in the B&S SSR. The B&S machine had a 1.14 cm 2 hot platform heat
exchanger and a 2.11 cm 2 cold platform heat exchanger with area over volume ratios of 50
cm- 1 and 78 cm- 1 respectively. The area over volume ratio of this SSR's heat exchangers is
106 cm-1 (which improves to 260 cm- 1 if the flow distributors are neglected).
The recuperator used in this SSR is of the new plastic design type described in chapter 3.
The total volume of the recuperator is 11.10 cm3 , of which only 3.02 cm 3 (1.51 cm 3 per SSR
half) is devoted to recuperative heat transfer. The recuperative portion of the heat exchanger
consists of alternating layers of 127 pim Kapton [30] film and 25.4 pm Kapton film glued together
using Stycast 1266 [31]. Each 127 pm layer has five passages 2.38 mm in width and 20 cm in
length. In this recuperator, ten 127 pm layers, separated by nine 25.4 pm layers, form 50 flow
passages (25 per SSR half) which are arranged in a counterflow heat exchanger pattern.
The total volume of the SSR including the 3 He-4He mixture trapped in the Vycor superleaks
is 87.56 cm 3 . Excluding the volume trapped in the Vycor, the SSR's volume is 78.10 cm 3 (39.05
cm 3 per SSR half).
The two fill lines into each of the SSR halves are sealed at low temperature by valves
mounted on the hot platform. These valves are actuated manually from room temperature
and are needed to prevent the 3 He-4He mixture from moving up and down the fill capillaries
during the operation of the SSR. Such a movement would put a significant heat load on the
4 He evaporation refrigerator and would also decrease cooling by reducing the magnitude of the
pressure oscillation within the SSR.
Calibrated ruthenium oxide thermometers [44] mounted on the outside of the piston plat-
forms are used to monitor the temperature. The precision of our temperature measurements
is + 0.67 mK at 1.0 K and ± 1.02 mK at 350 mK. Cooling powers are measured by monitoring
the voltage across and current through a heater made of wound manganin wire mounted on the
cold piston platform. The precision of our cooling power measurements is ± 2 pW.
4.1.2 Experimental procedure and results
The SSR was prepared for operation by first cooling the refrigerator to 1.0 K, then centering
the pistons on each platform to ensure equal volumes of working fluid in each SSR half, and
finally filling the refrigerator with a 1.5% 3 He-4 He mixture. The fill lines to the SSR were then
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closed and the SSR was operated at various speeds using a hot piston stroke of 1.00 cm (17.74
cm 3 volume displacement) and a cold piston stroke of 0.98 cm (13.34 cm 3 volume displacement)
to find a minimum temperature of 364 mK at a speed of one cycle every 44 seconds. We then
measured cooling power as a function of operating speed and temperature. This was done by
measuring the average cold and hot piston temperatures during the cycle at each operating
speed while supplying a constant heat load to the cold piston platform. The cold piston stroke
was then changed to 0.69 cm (9.39 cm 3 volume displacement) and the above procedure was
repeated. An ultimate temperature of 344 mK was achieved at a speed of one cycle every 44
seconds using this piston stroke configuration.
The average piston temperature was determined by averaging the maximum and minimum
temperature of the platform during a cycle. The peak to peak temperature difference during
a cycle did not exceed 13 mK for the cold piston temperature and 20 mK for the hot pis-
ton temperature for any of the operating conditions. Typical values were 6 mK and 12 mK
respectively.
Figures 4-2a and 4-3a provide a map of the performance of the SSR for the two stroke
configurations. These figures show that there is an optimal operating speed for a given cooling
power to minimize the cold piston temperature. Figures 4-2b and 4-3b give the corresponding
hot piston temperature for data shown in figure 4-2a and figure 4-3a. The figures show that
the hot piston temperature is kept almost constant for a given operating speed and stroke
configuration by the 4 He evaporation refrigerator. In figure 4-2b, the hot piston temperatures
for runs using the 44 second cycle period are lower than those for the 80 second cycle period
because the liquid helium bath supplying the 4 He evaporation refrigerator dropped below the
level of its filling capillary which reduced the heat load to the evaporation refrigerator.
Figures 4-2 and 4-3 show that the stroke configuration with the 0.69 cm cold piston stroke
reaches lower ultimate temperatures than the configuration with the 0.98 cm cold piston stroke.
Also, at low temperatures and fast operating speeds, the short cold piston stroke configuration
delivers higher cooling powers than the long cold piston stroke configuration. There are two
possible explanations for these results. The first explanation is that shorter cold piston strokes
may reduce recuperator losses more than they decrease the raw cooling power. Shorter cold
piston strokes reduce the raw cooling power of the SSR by increasing the void volume and
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Figure 4-2: Data for stroke configuration of 1.00 cm hot piston stroke and 0.98 cm cold piston
stroke: (a) cold piston temperature versus cycle period for constant cooling powers and (b) hot
piston temperature versus cold piston temperature for various cycle periods. The data in the
two graphs can be matched using cold piston temperature and cycle period.
decreasing the magnitude of the pressure oscillation within the SSR. However, shorter cold
piston strokes also result in lower mass flow rates through the recuperator and consequently
reduced recuperator losses. The second possible explanation for these results is the heating
due to bellows flexure. Brisson and Swift [16] observed that bellows heating is linear with
operating speed but a very rapidly increasing function of stroke. In their SSR, bellows heating
was negligible (on the order of 100 pJ per cycle). Our bellows are not only much larger but
operate at higher strokes and frequencies. Although we have not yet been able to experimentally
determine the magnitude of the bellows heating in our SSR, we estimate it may be as high as
1 mJ per cycle.
The contribution of phonon-roton gas excitations in the 3 He-4 He mixture to the cooling of
the SSR for cold piston temperatures above 700 mK can be seen in Fig. 4-4. In the absence
of a phonon-roton gas, the cooling power of a SSR should be linear with temperature [16]
as shown by the dashed lines. As the cold piston temperature increases, more phonon-roton
gas excitations are created which augment the cooling power. Due to their much higher 3 He
concentrations, this effect was seen in previous SSR's only for cold piston temperatures above
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Figure 4-3: Data for stroke configuration of 1.00 cm hot piston stroke and 0.69 cm cold piston
stroke: (a) cold piston temperature versus cycle period for constant cooling powers and (b) hot
piston temperature versus cold piston temperature for various cycle periods. The data in the
two graphs can be matched using cold piston temperature and cycle period.
1.4 K [18].
This SSR performs much better than previous SSR's. Due to the smaller percentage of
volume devoted to recuperative heat transfer (4.1% compared to 13.3%), this SSR does not
reach the ultimate low temperature of 296 mK that the B&S SSR achieved. However, this
refrigerator does deliver approximately double the cooling power of the B&S SSR at higher
temperatures and provides 1.7, 2.1, and 3.3 times the cooling power per mole 3 He at 400
mK, 500 mK, and 750 mK respectively. This increase in performance is largely due to the
effectiveness of the plastic recuperator and the increased area of the isothermal heat exchangers
within the platforms. More impressively, when the B&S SSR is scaled to the operating speeds
and 3 He concentration of this SSR, this SSR delivers 7, 10, and 14 times the cooling power at
400 mK, 500 mK, and 750 mK respectively.
This SSR can easily be modified to deliver both lower temperatures and higher cooling
powers. Lower temperatures can be achieved by increasing the percentage of the SSR devoted
to recuperative heat transfer and by using multiple expansion platforms, and higher cooling
powers can be obtained by increasing the 3 He concentration of the mixture. A 6% 3 He-4He
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Figure 4-4: Cooling power versus cold piston temperature for various cycle periods to show the
increase in cooling power at temperatures above 700 mK due to the phonon-roton gas: (a) 1.00
cm hot piston stroke and 0.98 cm cold piston stroke and (b) 1.00 cm hot piston stroke and 0.69
cold piston stroke. The dashed lines show the expected cooling in the absence of phonon-roton
gas contributions.
mixture would increase the overall cooling power of our SSR by a factor of 4.
4.2 Single Stage SSR With Large Plastic Recuperator
This section describes the low and high temperature experimental performance of the second
single stage SSR to use a plastic recuperator. This SSR has a total internal volume of 96.6
cm 3 and uses a Kapton recuperator which has 12.10 cm 3 devoted to recuperative heat transfer.
Operating from a high temperature of 1.0 K and with 1.5% and 3.0% 3 He-4 He mixtures, this
SSR achieves a low temperature of 291 mK and delivers net cooling powers of 3705 pW at 750
mK, 977 pW at 500 mK, and 409 pW at 400 mK. Cooling power versus cold piston temperature
for various frequencies of operation and for two piston stroke configurations are also provided.
These results are non-dimensionalized and compared to the Schmidt and adiabatic models of
chapter 2.
The SSR was also operated from high temperatures between 1.0 K and 2.0 K. This SSR
achieves low temperatures of 412 mK, 620 mK, 1.069 K, and 1.459 K operating from high
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temperatures of 1.2 K, 1.4 K, 1.6 K, and 1.8 K respectively. This high temperature performance
is compared to the phonon-roton gas model of Brisson and Patel [8].
4.2.1 Description of the SSR
Except for the recuperator, the SSR of this section is identical to the SSR described in section
4.1. Although the recuperator is also of the new plastic design type described in chapter 3, the
recuperator used in this SSR is considerably larger than that described in section 4.1. The total
volume of the recuperator is 20.91 cm 3 , of which only 12.10 cm 3 (6.05 cm 3 per SSR half) is
devoted to recuperative heat transfer. The recuperative portion of the heat exchanger consists
of alternating layers of 127 pm Kapton [30] film and 25.4 pm Kapton film glued together using
Stycast 1266 [31]. Each 127 pum layer has five passages 2.38 mm in width and 20 cm in length.
In total, forty 127 tm layers, separated by thirty nine 25.4 pm layers, form 200 flow passages
(100 per SSR half) which are arranged in a counterflow heat exchanger pattern.
The total volume of the SSR including the 3 He- 4He mixture trapped in the Vycor superleaks
is 96.64 cm 3 . Excluding the volume trapped in the Vycor, the SSR's volume is 87.18 cm 3 (43.59
cm 3 per SSR half).
4.2.2 Experimental procedure and results
The SSR was prepared for operation by first cooling the refrigerator to 1.0 K, then centering
the pistons on each platform to ensure equal volumes of working fluid in each SSR half, and
finally filling the refrigerator with a 1.5% 3 He- 4 He mixture. The fill lines to the SSR were
then closed and the SSR was operated at various speeds using a hot piston stroke of 1.00 cm
(17.74 cm 3 volume displacement) and cold piston strokes of 1.00 cm and 0.69 cm (13.61 cm 3
and 9.39 cm 3 volume displacements). Cooling power as a function of operating speed, hot
piston temperature, and cold piston temperature were then obtained. This was accomplished
by measuring the average cold and hot piston temperatures during the cycle at each operating
condition while supplying a constant heat load to the cold piston platform. The SSR was then
emptied and warmed to room temperature, and the above procedure was repeated with a 3.0%
3 He-4He mixture.
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4.2.2.1 Results operating from a high temperature of 1K
Figures 4-5 - 4-8 provide a performance map of the SSR for the two piston stroke configura-
tions and the two 3 He-4 He mixture concentrations. Figures 4-5a - 4-8a show the cold piston
temperature versus cycle period for various constant cooling powers while figures 4-5b - 4-8b
give the corresponding hot piston temperatures. The figures show that although the ultimate
low temperatures are all close to 300 mK, the lowest temperature of 291 mK is achieved with
the 0.69 cm cold piston stroke and 1.5% 3He- 4He mixture combination. Above 400 mK, the
highest cooling powers are achieved with the 1.0 cm cold piston stroke and 3.0% 3 He-4He mix-
ture combination. This combination delivers net cooling powers of 3705 pW at 750 mK, 977
pW at 500 mK, and 409 pW at 400 mK. These cooling powers are approximately 10, 7, and 4
times the cooling power of the B&S SSR at 400 mK, 500 mK, and 750 mK respectively.
The data in figures 4-5 - 4-8 is converted to the dimensionless variables, fNRT and , and
plotted in figures 4-9 - 4-12. In the dimensionless plots, the experimental data lie within a
fairly narrow band. In addition, the graphs are very similar for a given SSR geometry (piston
stroke configuration) and seem independent of 3 He- 41He mixture concentration. Figures 4-9
and 4-10 correspond to the 1.0 cm cold piston stroke configuration while figures 4-11 and 4-12
correspond to the 0.69 cm cold piston stroke configuration. This result suggests the cooling
power of the SSR could be significantly increased without substantially changing the ultimate
low temperatures by using a higher 3 He concentration. The use of a 6% 3 He-4He mixture should
double the cooling powers achieved with this SSR without incurring phase separation problems.
Figures 4-13 and 4-14 provide simulation results using the Schmidt model and the adiabatic
model of Chapter 2 for the two SSR geometries. The Schmidt results are provided primarily as
a reference. The adiabatic simulation results are generated by assuming that all components
are perfect except for the recuperator which is given an effective Ntu. Also, the volumes are
normalized so that the total volume, Vt, equals one. Comparing figures 4-9 and 4-10 to figure
4-13 and figures 4-11 and 4-12 to figure 4-14, the experimental data seem to fit the overall shape
of the simulation results well. Even with all the SSR losses lumped into the recuperator, the
effective Ntu of the recuperator remains fairly high - ranging from 3 to 20 depending on piston
stroke configuration and cycle period. Finally, for IL > 0.9, the experimental cooling powers
start to exceed the cooling predicted by the adiabatic model with perfect components. This
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Figure 4-5: Data for 1.5% mixture, 1.0 cm hot piston stroke and 0.69 cm cold piston stroke
(a) cold piston temperature versus cycle period for constant cooling powers (b) hot piston
temperature versus cold piston temperature for various cycle periods. The data in the two
graphs can be matched using cold piston temperature and cycle period.
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Figure 4-6: Data for 1.5% mixture, 1.0 cm hot piston stroke and 1.0 cm cold piston stroke
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Figure 4-7: Data for 3.0% mixture, 1.0 cm hot piston stroke and 0.69 cm cold piston stroke
(a) cold piston temperature versus cycle period for constant cooling powers (b) hot piston
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graphs can be matched using cold piston temperature and cycle period.
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piston stroke. Dotted lines correspond to Ntu = 3 and Ntu = 10 simulation results shown in
figure 4-13.
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erator for 1.0 cm hot piston stroke, 1.0 cm cold piston stroke, and various recuperator Ntu
(66.5% of the hot piston clearance volume and 41.4% of the cold piston clearance volume are
adiabatic). The graph also includes results using the Schmidt model for reference.
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increase in cooling is due to the contribution of phonon-roton gas excitations in the 3 He-4 He
mixture.
4.2.2.2 High temperature performance results
The single stage SSR which used a 12.1 cm 3 Kapton recuperator was also operated from high
temperatures between 1.0 K and 2.0 K to study the effect of 4 He phonon-roton gas excitations
on the SSR's cooling power and ultimate low temperature. The data collected is compared to
Brisson and Patel's simple model [8] of the SSR operating at high temperature.
The data collected is presented in figures 4-15 - 4-18. Figures 4-15 and 4-16 present cooling
power versus cold piston temperature data for various hot piston temperatures, 3 He concen-
trations, and piston stroke configurations. For the data in fig 4-15, the hot piston temperature
was controlled by using a valve on the 4 He evaporation refrigerator's pumping line as a throttle.
This led to a large variation in the hot piston temperature. More precise temperature control
was achieved in obtaining the data in figure 4-16 by adding a feedback temperature controller.
The figures show that the SSR is capable of delivering milliwatts of cooling operating from tem-
peratures between 1.0 K and 2.0 K. Figures 4-17 and 4-18 provide ultimate low temperature
versus hot piston temperature for different 3 He concentrations and cold piston stroke configura-
tions. The figures show that the SSR achieves low temperatures of 399 mK, 620 mK, 1.069 K,
and 1.459 K operating from high temperatures of 1.2 K, 1.4 K, 1.6 K, and 1.8 K respectively.
Brisson and Patel's simple model of the SSR operating at high temperature is a Schmidt-like
model which describes the two effects caused by 4He phonon-roton gas excitations. The first
effect is the increase in SSR cooling power at high temperature while the second effect is the
increase in the ultimate low temperature of the SSR due to heat flush (the pushing out of 3 He
from the hot piston of the SSR by the phonon-roton gas). Like the Schmidt model, Brisson
and Patel's phonon-roton gas model assumes that the SSR operates as a regenerative Stirling
refrigerator and that the regenerator is perfect. Additionally, in order to obtain analytical
expressions for the cooling powers, the phonon-roton gas model assumes a zero regenerator
volume. A non-zero regenerator volume is accounted for by splitting the volume into two and
lumping the halves with the hot and cold piston clearance volumes.
A comparison of the phonon-roton gas model and Schmidt model to the experimental results
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shown in figure 4-16b is presented in figure 4-19. In their paper, Brisson and Patel present a
similar, more detailed comparison using the data shown in figure 4-16a. At high cold piston
temperatures, all four plots in figure 4-19 show the augmentation of the SSR cooling power by
the 4He phonon-roton gas excitations. The experimental cooling powers exceed the Schmidt
model predictions by a large margin; however, they show qualitative agreement with the phonon-
roton gas model. At low cold piston temperatures, the effect of heat flush on the cooling power
of the SSR is a little more difficult to see.
The experimental results differ significantly from both the phonon-roton gas model and
the Schmidt model because neither of these models accounts for recuperator losses. With
recuperator losses and without any phonon-roton gas effects, we would expect an ultimate low
temperature ratio (1a) of around 0.3 (based upon the adiabatic Boltzmann gas model of chapter
2 and the low temperature experimental results of this chapter). As figure 4-19 demonstrates,
the ultimate low temperature ratio increases from 0.33 to 0.83 as the hot piston temperature is
increased from 1.2 K to 1.8 K. This rise corresponds to the increase in the number of phonon-
roton gas excitations with hot piston temperature. The increase in phonon-roton gas excitations
can also be seen by comparing the Schmidt model and phonon-roton model predictions at low
cold piston temperatures. At a hot piston temperature of 1.2 K, the predictions are almost
identical while, at 1.8 K, the cooling power predictions of the phonon-roton gas model are
significantly lower than those of the Schmidt model. For a 3% 3 He- 4He mixture, the phonon-
roton excitations start to make a significant contribution to the low temperature performance of
the SSR at hot piston temperatures between 1.3 K and 1.4 K. This effect can also be observed
by looking at the change in slope of the plots in figures 4-17 and 4-18 at these hot piston
temperatures.
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Figure 4-16: Data for 3.0 % mixture, 20 second cycle, and 1.0 cm hot piston stroke (a) 1.0 cm
cold piston stroke (b) 0.69 cm cold piston stroke.
103
1.5 1.7
(K)
2.0
0
U
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2 -
0.8 1.0 1.2 1.4 1.6 1.8 2.0
Hot Piston Temperature (K)
Figure 4-17: Ultimate cold piston temperature versus hot piston temperature for 1.5% mixture,
1.0 cm hot piston stroke, and 1.0 cm cold piston stroke.
1.0 1.2 1.4 1.6
1.0 1.2 1.4 1.6
Hot Piston Temperature
(a)
1.8
(K)
1.6
2.
V
V
1.4 [
1.2
1.0 r
0.8
0.6
0.4
0.2
1.0 1.2 1.4 1.6 1.8
Hot Piston Temperature (K)
(b)
Figure 4-18: Ultimate cold piston temperature versus hot piston temperature for a 3.0% mixture
and a 1.0 cm hot piston stroke (a) 1.0 cm stroke cold piston stroke (b) 0.69 cm stroke cold piston
stroke.
104
2.0
1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
V
V
S
V
H
0
-e
U
' ' ' '
7000
Phonon-roton gas model
--- O- Data Thot = 1.2 K
6000 ------- Schmidt model
5000
4000
t3000
o 2000
U
1000
0
0.1 0.3 0.5 0.7 0.9
8000
7000
6000
5000
P 4000
3000
0
U 2000
1000
0
1.1 1.3
Cold Piston Temperature (K)
Phonon-roton gas model
-0-- Data Thot 1.6 K
-------- Schmidt model
8000
7000
6000
5000
9L4 000
3000
00
U 2000
1000
0
Phonon
Data Th
---- Schmid
-roton gas model
ot = 1.4 K
t model
0.1 0.3 0.5 0.7 0.9 1.1 1.3
Cold Piston Temperature (K)
8000
/-7000
6000
05000
P 4000
30000
0
U 2000
1000
0
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5
Cold Piston Temperature (K)
0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5
Cold Piston Temperature (K)
Figure 4-19: Comparison of phonon-roton gas model and Schmidt model to experimental data
shown in figure 4-16b.
105
Phonon-roton gas model
-0- Data Thot = 1.8 K
------- Schmidt model
A'
1.5
1.7
Chapter 5
Experimental Performance of Two
Stage SSR's
To date, the best performing single stage SSR was the SSR of chapter 4 which has 12.0 cm 3
devoted to recuperative heat transfer. This SSR achieved a temperature ratio of approximately
0.30 and delivered cooling powers of 409 pW at 400 mK and 100 pW at 350 mK.
Unfortunately, the low temperature performance of a single stage SSR can not be signifi-
cantly improved without great difficulty and expense. As the numerical analysis of chapter 2
and the experimental results of chapter 4 demonstrated, the ultimate temperature ratio of a
single stage SSR with perfect components is approximately 0.3 due to the mass flow imbalance
within the recuperator. Therefore, operating from a high temperature of 1.0 K, the lowest
ultimate temperature that a single stage SSR could achieve is around 200 mK. Reaching this
temperature and delivering higher cooling powers at higher temperatures require more efficient
recuperators. However, the large Kapton recuperators used in the single stage SSR are already
quite efficient (~90%), and improvements which further increase efficiency will be both difficult
to design and expensive to construct for three reasons:
1. Higher efficiency low temperature recuperators will require very large surface areas be-
cause the Kapitza resistance to heat transfer between helium and most heat exchanger
materials increases by two to three orders of magnitude between 1.0 K and 200 mK.
2. High efficiency recuperators require uniform flow distribution among recuperator passages
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and between the recuperator sides. In order to maintain the magnitude of the pressure
oscillation within the SSR (and thereby the cooling of the SSR), the recuperator must
have a relatively small volume. This constraint requires a large surface area to volume
ratio in the recuperator, which results in recuperators with large numbers of extremely
narrow passages. However, as the passage size decreases and the number of passages
increases, geometric variations among the passages and headering issues make uniform
flow distribution much harder to achieve.
3. Due to the oscillating pressure and oscillating flow within a reciprocating machine such as
a Stirling refrigerator, very high efficiency recuperators are difficult to model and design.
The standard steady flow, constant pressure heat transfer correlations are not applicable,
and second order effects such as heat transfer hysteresis loss and heat transfer phase shift
can no longer be neglected [45,46].
Another method of improving the low temperature performance of the SSR, which does not
require more efficient recuperators, is to construct SSR's that have multiple expander platforms
(stages). As shown in figure 5-1, a two stage SSR has a single compressor platform and two
expander platforms connected by two heat exchangers. A simple theoretical analysis [39] which
did not include the effect of the mass flow imbalance within the recuperators showed that a
second expansion stage should enable the SSR to reach lower ultimate temperatures and deliver
higher cooling power at low temperatures than a single stage SSR. However, the price of this
improved low temperature performance is reduced high temperature cooling powers.
This section describes the experimental performance of three versions of a two stage SSR.
These two stage SSR's are identical except for their recuperators. While the results are promis-
ing, the merits of a two stage SSR were not demonstrated due to persistent experimental
difficulties.
5.1 Two Stage SSR With Small Upper and Lower Recuperators
This section describes the first operational two stage SSR and reports on its preliminary
experimental performance. This two stage SSR has a total internal volume of 120 cm 3 and
uses Kapton heat exchangers having 3.0 cm 3 and 4.8 cm 3 devoted to recuperative heat transfer.
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Figure 5-1: A cross sectional view of the two stage SSR. The top pistons of each platform form
one SSR half which operates 180 degrees out of phase with the SSR half formed by the bottom
pistons.
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Operating from a high temperature of 1.0 K and with a 3.0% 3 He-4 He mixture, this SSR achieves
a low temperature of 282 mK and delivers net cooling powers of 1 mW at 617 mK, 500 pW at
485 mK and 100 [pW at 361 mK. This performance is equivalent to the best low temperature
results of previous single stage SSR's. Based upon the results of this SSR, we expect that the
use of larger Kapton recuperators will significantly improve the performance of future two stage
SSR's.
5.1.1 Description of the SSR
Figure 5-1 shows a schematic of the two stage SSR, and figure 5-2 shows a picture of the
two stage SSR. This refrigerator uses the Brisson and Swift design configuration, so it has two
SSR's operating 180 degrees out of phase with each other and counterflow recuperators as the
regenerators. The SSR consists of a hot (compressor) platform connected by a Kapton recuper-
ator to an intermediate (expander) platform, which in turn is connected to a cold (expander)
platform by another Kapton recuperator.
The hot, intermediate, and cold platforms of this SSR are made of solid blocks of OFHC
copper on which the pistons are mounted. The pistons are made with edge welded stainless
steel bellows [40] which have convolutions that nest into one another to minimize void volume.
The effective areas of the pistons, based on the manufacturer's specifications, are 17.74 cm 2
for the hot platform pistons, 13.61 cm 2 for the intermediate platform pistons, and 7.68 cm 2 for
the cold platform pistons. The hot platform pistons are rigidly connected together and driven
sinusoidally using a push rod from a room temperature drive. The intermediate and cold
platform pistons are similarly connected and driven together using a common push rod. The
hot platform temperature is pinned at approximately 1.0 K by a 4He evaporation refrigerator.
Within each piston platform, there are superleaks made from porous Vycor glass which
allow the superfluid 4He to flow freely between the halves of the SSR during operation. In
the hot platform, the superleaks are three Vycor cylinders 6.03 cm in length with diameters of
1.39 cm, 1.35 cm, and 0.72 cm. In the intermediate platform, the superleaks are three Vycor
cylinders 10.63 cm in length with diameters of 0.74 cm. In the cold platform, the superleaks
are three Vycor cylinders 15.16 cm in length with diameters of 0.74 cm. The large number
of Vycor cylinders in the platforms provide a total superleak cross sectional area of 5.91 cm 2
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Figure 5-2: Picture of the two stage SSR.
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and allow the SSR to run at higher speeds, at higher temperatures, and with larger volume
displacements than previous SSR's, without exceeding 4 He critical velocities. The total volume
of the Vycor glass in the SSR is 53.2 cm 3 . Since 28% of the Vycor glass [43] is void space, the
glass contributes 15 cm 3 to the total 3 He-4 He mixture volume of the SSR. The 3 He that diffuses
into this volume, though, does not participate in the operation of the SSR because its diffusion
times are substantially longer than the SSR cycle period. This 3 He is effectively trapped and
does not undergo either compression or expansion during the SSR cycle.
Within each piston platform, there are also isothermal heat exchangers. These heat ex-
changers are necessary for the SSR to deliver high cooling powers because most of the expansion
(compression) of 3 He within the pistons of a large SSR occurs adiabatically and heat must be
added (removed) from the working fluid before it enters the recuperator. To accomplish this,
large surface areas are needed to overcome the Kapitza boundary resistance between the copper
and the 3 He-4He mixture. However, this surface area must come with minimal void volume in
order to maintain the magnitude of the pressure oscillation within the SSR.
Our SSR's isothermal heat exchangers are made from nested OFHC copper cylinders press
fit into the piston platforms. A 76 pm gap exists between the inner wall of an outer cylinder
and the outer wall of an inner cylinder. At the top and bottom of each cylinder, there is a flow
distributor 0.64 mm deep and 0.32 cm wide around the cylinder circumference. Each half of the
hot piston platform contains one cylinder, 2.14 cm in length with a diameter of 3.80 cm, which
provides a total heat transfer area of 51 cm 2 . Each half of the intermediate piston platform
contains two cylinders that provide a total heat transfer area of 211 cm 2 . The first cylinder
is 3.97 cm in length with a 4.11 cm diameter while the second cylinder is 4.88 cm in length
with a 3.52 cm diameter. Each half of the cold piston platform contains four cylinders that
provide a total heat transfer area of 617 cm 2 . The cylinders are 6.71 cm in length and have
diameters of 4.44 cm, 3.92 cm, 3.41 cm, and 2.89 cm. The total volume devoted to isothermal
heat exchangers in the SSR is 13.9 cm 3 (6.95 cm 3 per SSR half).
To ensure that fluid can not flow directly from the hot platform to the cold platform, the
gaps created by the two nested copper cylinders of the intermediate platform heat exchanger
form two distinct passages with heat transfer areas of 103 cm 2 and 108 cm 2 respectively. In
the half of the SSR corresponding to the top pistons of each platform, fluid coming from the
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hot platform flows through the first heat exchanger passage which corresponds to the outer gap
and into the intermediate platform piston. After mixing in the intermediate piston, fluid then
passes through the second heat exchanger passage which is formed by the inner gap and into
the bottom recuperator. In the bottom SSR half, the flows are reversed; fluid from the hot
platform flows first through the second heat exchanger passage before entering the intermediate
platform piston.
The recuperator used in this SSR is the new design made of plastic described in chapter
3. The recuperative portion of the heat exchanger consists of alternating layers of 127 pm
Kapton [30] film and 25 pam Kapton film glued together using Stycast 1266 [31]. Each 127 Pm
layer has five passages 2.38 mm in width and 20 cm in length. In the upper recuperator, ten 127
pm layers, separated by nine 25 pm layers, form 50 flow passages (25 per SSR half) which are
arranged in a counterflow heat exchanger pattern. The bottom recuperator consists of sixteen
127 pm layers separated by fifteen 25 pum layers and has 80 flow passages (40 per SSR half).
The total volume of the upper recuperator is 10.7 cm 3 , of which only 3.0 cm 3 (1.5 cm 3 per SSR
half) is devoted to recuperative heat transfer. The total volume of the lower recuperator is 12.5
cm 3 , of which only 4.8 cm 3 (2.4 cm 3 per SSR half) is devoted to recuperative heat transfer.
The total volume of the SSR including the 3 He-4 He mixture trapped in the Vycor superleaks
is 135 cm 3 . Excluding the volume trapped in the Vycor, the SSR's volume is 120 cm 3 (60 cm 3
per SSR half).
The two fill lines into each of the SSR halves are sealed at low temperature by valves
mounted on the hot platform. These valves are actuated manually from room temperature
and are needed to prevent the 3 He-4 He mixture from moving up and down the fill capillaries
during the operation of the SSR. Such a movement would put a significant heat load on the
4 He evaporation refrigerator and would also decrease cooling by reducing the magnitude of the
pressure oscillation within the SSR.
Calibrated ruthenium oxide [44] and germanium [47] thermometers mounted on the outside
of the piston platforms are used to monitor the temperature. The precision of our temperature
measurements is 0.67 mK at 1.0 K and 1.02 mK at 300 mK. Cooling powers are measured by
monitoring the voltages across and currents through heaters made of wound manganin wire
mounted on the cold and intermediate piston platforms. The precision of our cooling power
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measurements is 2 ptW.
5.1.2 Experimental procedure and results
The SSR was prepared for operation by first cooling the refrigerator to 1.0 K, then centering the
pistons on each platform to ensure equal volumes of working fluid in each SSR half, and finally
filling the refrigerator with a 3.0% 3 He-4He mixture. The fill lines to the SSR were then closed
and the SSR was operated at various speeds using a hot piston stroke of 1.00 cm (17.7 cm 3
volume displacement) and a intermediate/cold piston stroke of 0.98 cm (13.3 cm 3 and 7.5 cm 3
volume displacements) to find a minimum temperature of 282 mK at a speed of one cycle every
25 seconds. We then measured cooling power as a function of operating speed and temperature.
This was done by measuring the average cold and hot piston temperatures during the cycle at
each operating speed while supplying a constant heat load to the cold piston platform.
The average piston temperature was determined by averaging the maximum and minimum
temperature of the platform during a cycle. For all of the platforms, the peak to peak temper-
ature difference during a cycle did not exceed 13 mK under any of the operating conditions.
Typical values were 6 mK, 7 mK, and 8 mK respectively for the cold, intermediate, and hot
piston temperatures.
Figure 5-3 provides a map of the performance of the SSR. As in previous SSR's, figure
5-3a shows that there is an optimal operating speed for a given cooling power to minimize
the cold piston temperature. Operating from a high temperature of 1.0 K, the SSR achieves
a low temperature of 282 mK and delivers net cooling powers of 1 mW at 617 mK, 500 tW
at 485 mK, and 100 pW at 361 mK. Figure 5-3b provides the corresponding intermediate
piston and hot piston temperatures for data shown in figure 5-3. The figures show that the hot
piston temperature is kept almost constant for a given operating speed by the 4He evaporation
refrigerator. The intermediate piston temperature varies from 550 mK to 890 mK with cycle
frequency, but it is almost constant with cold piston temperature.
Figures 5-4a and 5-4b provide a performance map of the SSR operating at a constant 15
second cycle period but with different combinations of heat loads on the intermediate and cold
pistons. Figure 4a shows that the intermediate piston temperature does not significantly vary
with different cold piston heat loads and a constant intermediate piston heat load. Together
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Figure 5-3: (a) Cold piston temperature versus cycle period for constant cold piston cooling
powers. (b) Intermediate piston temperature and hot piston temperature versus cold piston
temperature for data given in (a). The dotted lines represent the intermediate piston temper-
ature while the solid lines represent the hot piston temperature for cycle periods of 10 seconds
( Q ), 15 seconds ( W ), 25 seconds ( A ), and 40 seconds ( V ). The data in the two graphs
can be matched using cold piston temperature and cycle period.
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Figure 5-4: (a) Intermediate piston temperature versus cold piston temperature for various
constant cooling power combinations of the cold and intermediate pistons using a 15 second
cycle period. From bottom to top, the solid lines represent heat loads on the intermediate
piston of 0 mW, 0.5 mW, and 1 mW. From left to right, the dotted lines represent heat loads
on the cold piston of 0 mW, 100 mW, 300 mW, 500 mW, 1 mW, 1.5 mW, and 2 mW. (b) Hot
piston temperature versus cold piston temperature corresponding to the data given in (a).
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with the high intermediate piston temperature, this result indicates that the upper recuperator
of our SSR is undersized. Basically, the heat load due to imperfect recuperation of the upper re-
cuperator is so large that the increased heat load on the intermediate platform from the heating
of the cold piston platform does not significantly affect the intermediate piston temperature.
With a properly sized upper recuperator, we expect that the intermediate piston temperature
will rise at a slightly slower rate than the cold piston temperature as the cold piston heat load
is increased. Figure 5-4a also shows that the cold piston temperature for a given cold piston
cooling power changes only slightly with the different intermediate piston temperatures and
heat loads. This result indicates that the lower recuperator is adequately sized.
The temperature ratios between the hot piston and intermediate piston and between the
intermediate piston and the cold piston provide another indicator that the upper recuperator
is undersized and the lower recuperator is adequately sized. Our experience with single stage
SSR's suggests that with properly sized recuperators and no heat loads on the SSR, the temper-
ature ratios between hot and intermediate pistons and between intermediate and cold pistons
should be between 2.0 and 3.5, depending on the operating speed and the 3 He- 4 He mixture
concentration. From the temperatures given in figure 5-3 and figure 5-4, the temperature ratio
between hot and intermediate pistons at the faster operating speeds is approximately 1.3 while
the temperature ratio between the intermediate and cold pistons is approximately 2.2. The
upper recuperator of our two stage SSR is clearly undersized while the lower recuperator is
adequately sized.
Despite the inadequate upper recuperator, the experimental performance of our two stage
SSR is encouraging. The low temperature experimental performance of this two stage SSR is
equivalent to the best results of previous single stage SSR's. Compared to the single stage SSR,
the two stage SSR provides slightly smaller cooling powers at low temperatures (100 mW at 361
mK for the two stage SSR versus 100 mW at 342 mK for the single stage SSR) but achieves a
lower ultimate temperature (282 mK versus 291 mK). Based on the experimental performance
of this SSR, we believe that replacing the upper recuperator of this SSR with a large Kapton
recuperator (having 12.0 cm 3 devoted to recuperative heat transfer) will significantly increase
the low temperature cooling powers of the two stage SSR and allow an ultimate low temperature
of around 230 mK.
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5.2 Two Stage SSR With Large Upper and Small Lower Recu-
perators
This section describes the performance of the second two stage SSR. This two stage SSR is
identical to the one of the previous section except for its recuperators. This SSR has a total
internal volume of 129 cm 3 (excluding the 15 cm 3 of void volume within the Vycor superleaks)
and uses a 20.9 cm 3 upper recuperator and a 12.5 cm 3 lower recuperator. The upper recuperator
has 12.1 cm3 (6.05 cm 3 per side) devoted to recuperative heat tranfer while the lower recuperator
has 4.8 cm 3 (2.4 cm 3 per side) devoted to recuperative heat tranfer.
The SSR was operated with a 3% 3 He-4He mixture and a 1.0 cm compressor stroke (17.74
cm 3 volume displacement) and a 0.69 cm expander stroke (9.39 cm 3 and 5.30 cm 3 volume
displacements). Only two data points were taken with the SSR in this stroke configuration
before a leak in the vacuum insulation system warmed up the refrigerator. This SSR achieved
a cold piston temperature of 248 mK and intermediate piston temperature 432 mK operating
from a high temperature of 1.034 and with a cycle period of 23 seconds. It also achieved a cold
piston temperature of 253 mK and intermediate piston temperature 470 mK operating from a
high temperature of 1.041 K and with a cycle period of 15 seconds. The results are a significant
improvement over the low temperature results of the single stage SSR. The results are very
promising because they were obtained despite a major external heat load on the SSR.
5.3 Two Stage SSR With Large Upper and Lower Recuperators
This section describes the experimental performance of the final two stage SSR. This two stage
SSR is identical to those of the previous two sections except for its recuperators. This two
stage SSR has a total internal volume of 136 cm 3 (excluding the 15 cm 3 of void volume in the
Vycor superleaks) and uses two 20.9 cm 3 Kapton recuperators. These recuperators have 12.1
cm 3 (6.05 cm 3 per side) devoted to recuperative heat tranfer
Operating from a high temperature of 1.0 K and with a 3.0% 3 He- 4 He mixture, this SSR
achieves a low temperature of 307 mK and delivers net cooling powers of 1 mW at 626 mK,
500 puW at 452 mK and 100 pW at 344 mK. This performance is about the same as the
first two stage SSR and is very disappointing. Upon warming up the refrigerator, the cause
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Figure 5-5: (a) Cold piston temperature versus cycle period for constant cold piston cooling
powers for a 1.0 cm expander stroke. (b) Intermediate piston temperature and hot piston
temperature versus cold piston temperature for data given in (a). The dotted lines represent
the intermediate piston temperature while the solid lines represent the hot piston temperature
for cycle periods of 10 seconds ( 0 ), 15 seconds ( E ), and 20 seconds ( A ).
1.5 mW
500 gW
300iW :
150
15
Cycle (seconds)
(a)
20
2 1.1
1.0
10.9 o.0 .0
S0.8
0-7
~0.6
0.5
0.4
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1
Cold Piston Temperature (K)
(b)
Figure 5-6: (a) Cold piston temperature versus cycle period for constant cold piston cooling
powers for a 0.69 cm expander stroke. (b) Intermediate piston temperature and hot piston
temperature versus cold piston temperature for data given in (a). The dotted lines represent
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of this disappointing performance was discovered to be an interference on the intermediate
piston platform that prevented the intermediate and cold platform pistons from being properly
centered. The intermediate and cold platform pistons were about 2-3 mm off-center during the
loading and operation of the refrigerator. This interference led to unbalanced refrigerator sides
and larger than expected heat loads on the expander platforms due to imperfect recuperation.
Figures 5-5 - 5-7 provide the data obtained with this SSR. Because the expander pistons
were off-center, all the data of this section should be taken with a grain of a salt. Figures 5-5
and 5-6 show the performance of this SSR operating from a high temperature of 1.0 K with a
1.0 cm compressor stroke and a 3% 3 He-4 He mixture. Figure 5-5 corresponds to a 1.0 cm ex-
pander stroke while figure 5-6 corresponds to a 0.69 cm expander stroke. The high temperature
performance of this SSR for a 3% 3 He-4He mixture, 1.0 cm compressor and expander strokes,
and a 15 second cycle period is shown in figure 5-7.
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Chapter 6
Summary
The goals of this thesis were to develop a better understanding of the SSR and build SSR's
with higher cooling powers and lower ultimate temperatures. To this end, this thesis made four
main contributions:
1. A simple numerical model was used to develop a better understanding of a recuperative
Stirling refrigerator and the differences between it and a regenerative Stirling refrigerator.
The model showed that the performance of a recuperative Stirling refrigerator is funda-
mentally different from a regenerative Stirling refrigerator due to a mass flow imbalance
within the recuperator. This mass flow imbalance puts a significant, unavoidable heat
load on the cold piston. The flow imbalance and heat load can be reduced by increasing
the void volume of the refrigerator. However, increasing the void volume also decreases
the cooling power by reducing the amplitude of the pressure oscillation within the refrig-
erator. Maximum net cooling powers and minimum low temperatures are achieved by
balancing these two effects and using the highest Ntu recuperators possible.
2. A new plastic counterflow heat exchanger design was developed and used to build high
Ntu recuperators for the SSR. These recuperators were made from 25 Pm and 127 pm
thick Kapton films and Stycast 1266 epoxy. The design was leaktight to superfluid 4 He
and able to withstand repeated thermal cycling. The design proved to be a factor of ten
less expensive to build than comparable metal recuperators.
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3. Two different versions of a single stage SSR were designed and built to test whether the
plastic recuperators would actually improve SSR performance and to see if the improved
SSR design would deliver large cooling powers. Operating from a high temperature of 1.0
K and with 1.5% and 3.0% 3 He-4 He mixtures, these SSR's achieved a low temperature of
291 mK and delivered net cooling powers of 3705 pW at 750 mK, 977 tW at 500 mK,
and 409 ptW at 400 mK. These cooling powers are an order of magnitude larger than
those of the Brisson and Swift refrigerator and can easily be doubled by using a 6% 3 He-
4 He mixture. The low temperature results showed good agreement with the numerical
model of a recuperative Stirling refrigerator while the high temperature results showed
qualitative agreement with the phonon-roton model of Brisson and Patel [8].
4. Three different versions of a two stage SSR were built and operated in an attempt to
improve the low temperature performance of the SSR. This was the first successful oper-
ation of a two stage SSR. Unfortunately, due to experimental difficulties - an improper
centering of the pistons and a leak in the vacuum insulation system, the merits of a two
stage SSR were not demonstrated. However, despite a vacuum can leak, one of the two
stage SSR's was able to reach an ultimate low temperature of 248 mK from a high tem-
perature of 1.03 K. Further experimental work is required to fully evaluate the two stage
SSR.
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Appendix A
Experimental Data
This appendix contains tables of the experimental data obtained during this thesis.
A.1 Single Stage SSR With Small Recuperator
Q Teoi min Teold max Thot min Thot max Tcold Thot
pW K K K K K K
0 0.596 0.601 1.048 1.060 0.599 1.054
100 0.607 0.611 1.048 1.061 0.609 1.055
286 0.626 0.630 1.048 1.062 0.628 1.055
499 0.648 0.651 1.047 1.063 0.649 1.055
799 0.677 0.681 1.048 1.065 0.679 1.057
999 0.696 0.699 1.050 1.066 0.698 1.058
1499 0.739 0.743 1.053 1.071 0.741 1.062
1999 0.779 0.782 1.054 1.073 0.781 1.063
2996 0.847 0.850 1.068 1.086 0.848 1.077
4992 0.945 0.949 1.065 1.086 0.947 1.075
7040 1.010 1.013 1.086 1.105 1.012 1.095
Table A.1: Experimental data for small recuperator (3.0 cm 3
transfer), 1.5% 3 He- 4He mixture, 1.00 cm
second cycle period.
hot piston stroke, 0.98
devoted to recuperative heat
cm cold piston stroke, and 10
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Table A.2: Experimental data for small recuperator (3.0 cm 3 devoted
transfer), 1.5% 3 He-4 He mixture, 1.00 cm hot piston stroke, 0.98 cm cold
to recuperative heat
piston stroke, and 15
second cycle period.
Q Teold min Tcold max Thot min Thot max Teold Thot
pIW K K K K K K
0 0.419 0.432 1.010 1.024 0.425 1.017
101 0.442 0.454 1.012 1.025 0.448 1.019
670 0.571 0.583 1.016 1.033 0.577 1.025
1000 0.639 0.651 1.018 1.036 0.645 1.027
1500 0.732 0.744 1.018 1.037 0.738 1.027
1997 0.810 0.823 1.020 1.040 0.817 1.030
3003 0.922 0.933 1.023 1.043 0.927 1.033
3553 0.964 0.975 1.026 1.046 0.969 1.036
Table A.3: Experimental data for small recuperator (3.0 cm 3 devoted
transfer), 1.5% 3 He-4He mixture, 1.00 cm hot piston stroke, 0.98 cm cold
second cycle period.
Table A.4:
to recuperative heat
piston stroke, and 20
Q Teold min Teold max Thot min Tht max Teold Thot
pW K K K K K K
0 0.365 0.371 0.973 0.985 0.368 0.979
3 0.366 0.372 0.973 0.985 0.369 0.979
12 0.372 0.377 0.973 0.985 0.375 0.979
46 0.392 0.397 0.973 0.985 0.394 0.979
100 0.422 0.426 0.973 0.985 0.424 0.979
183 0.471 0.477 0.974 0.986 0.474 0.980
300 0.541 0.546 0.974 0.985 0.544 0.980
500 0.629 0.636 0.976 0.988 0.632 0.982
799 0.757 0.765 0.978 0.989 0.761 0.984
999 0.836 0.844 0.980 0.991 0.840 0.985
1562 0.963 0.971 0.985 0.997 0.967 0.991
Experimental data for small recuperator (3.0 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He- 4He mixture, 1.00 cm hot piston stroke, 0.98 cm cold piston stroke, and 44
second cycle period.
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Q Teol min Teold max Thot min Thot max Told Thot
pW K K K K K K
0 0.482 0.488 1.032 1.048 0.485 1.040
97 0.501 0.507 1.033 1.052 0.504 1.042
500 0.563 0.567 1.029 1.046 0.565 1.038
1000 0.637 0.643 1.032 1.051 0.640 1.041
1997 0.765 0.772 1.036 1.055 0.769 1.045
3003 0.866 0.873 1.040 1.060 0.869 1.050
4892 0.986 0.993 1.049 1.069 0.990 1.059
Table A.5: Experimental data for small recuperator (3.0 cm 3
transfer), 1.5% 3 He- 4He mixture, 1.00 cm hot piston stroke, 0.98
devoted to recuperative heat
cm cold piston stroke, and 80
second cycle period.
Q Teol min Teold max Tht min Thot max Tcold Tot
pW K K K K K K
0 0.541 0.554 1.040 1.049 0.547 1.044
100 0.555 0.569 1.039 1.049 0.562 1.044
298 0.582 0.596 1.040 1.050 0.589 1.045
498 0.609 0.622 1.042 1.052 0.615 1.047
997 0.669 0.683 1.041 1.051 0.676 1.046
1496 0.725 0.739 1.043 1.053 0.732 1.048
1999 0.775 0.789 1.045 1.056 0.782 1.051
2987 0.856 0.870 1.049 1.060 0.863 1.055
4992 0.969 0.982 1.058 1.069 0.976 1.063
Table A.6: Experimental data for small recuperator (3.0 cm 3 devoted
transfer), 1.5% 3 He- 4He mixture, 1.00 cm hot piston stroke, 0.69 cm cold
to recuperative heat
piston stroke, and 10
second cycle period.
Q Teold min Teold max Thot min Thot max Teold Thot
pW K K K K K K
0 0.404 0.416 1.008 1.022 0.410 1.015
100 0.430 0.440 1.008 1.021 0.435 1.014
301 0.481 0.493 1.008 1.022 0.487 1.015
503 0.528 0.539 1.008 1.023 0.533 1.016
1003 0.632 0.645 1.010 1.025 0.639 1.017
1506 0.725 0.738 1.013 1.028 0.732 1.020
2005 0.803 0.817 1.014 1.030 0.810 1.022
3016 0.915 0.927 1.012 1.028 0.921 1.020
3990 0.984 0.996 1.015 1.033 0.990 1.024
Table A.7: Experimental data for small recuperator (3.0 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He- 4 He mixture, 1.00 cm
second cycle period.
hot piston stroke, 0.69 cm cold piston stroke, and 15
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Q Tcoid min Teold max Tht min Tht max Teold Thot
[pW K K K K K K
0 0.393 0.398 0.986 0.996 0.396 0.991
100 0.501 0.506 0.983 0.994 0.503 0.988
200 0.595 0.603 0.987 0.999 0.599 0.993
301 0.681 0.689 0.987 0.999 0.685 0.993
400 0.763 0.771 0.988 1.000 0.767 0.994
500 0.828 0.835 0.988 1.001 0.832 0.995
650 0.900 0.907 0.989 1.003 0.903 0.996
800 0.955 0.962 0.990 1.005 0.959 0.997
Table A.8: Experimental data for small recuperator (3.0 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4He mixture, 1.00 cm hot piston stroke, 0.69 cm cold piston stroke, and 20
second cycle period.
Table A.9:
Q Teoid min Teold max Thot min Tht max Teold Thot
pW K K K K K K
0 0.339 0.349 0.982 0.994 0.344 0.988
100 0.417 0.428 0.983 0.995 0.422 0.989
300 0.561 0.573 0.984 0.997 0.567 0.991
499 0.686 0.697 0.985 0.997 0.691 0.991
999 0.894 0.902 0.987 1.001 0.898 0.994
1197 0.941 0.948 0.989 1.001 0.945 0.995
1381 0.973 0.979 0.996 1.004 0.976 1.000
Experimental data for small recuperator (3.0 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4He mixture, 1.00 cm
second cycle period.
hot piston stroke, 0.69 cm cold piston stroke, and 44
Table A.10: Experimental data for small recuperator (3.0 cm3
transfer), 1.5% 3 He-4 He mixture, 1.00 cm hot piston stroke, 0.69
second cycle period.
devoted to recuperative heat
cm cold piston stroke, and 80
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Q Teold min Teold max Tht min Tht max Teold Thot
/W K K K K K K
0 0.353 0.363 0.986 1.004 0.358 0.995
100 0.394 0.409 0.985 1.004 0.401 0.994
300 0.466 0.480 0.985 1.005 0.473 0.995
501 0.529 0.544 0.986 1.005 0.536 0.995
1001 0.676 0.691 0.988 1.009 0.684 0.998
1499 0.792 0.808 0.990 1.012 0.800 1.001
2000 0.876 0.890 0.992 1.014 0.883 1.003
3002 0.980 0.992 0.997 1.021 0.986 1.009
Q Teold min Teold max That min Thot max Teold Thot
pW K K K K K K
0 0.396 0.402 0.977 0.984 0.399 0.980
101 0.526 0.533 0.976 0.985 0.530 0.981
300 0.745 0.754 0.977 0.986 0.749 0.981
501 0.885 0.893 0.983 0.988 0.889 0.985
631 0.943 0.950 0.983 0.989 0.946 0.986
A.2 Single Stage SSR With Large Recuperator
A.2.1 Low temperature results for 1.5% 3He-4He mixture
Q Teoid min Teold max Th.t min Tht max Te,1d Thot
pW K K K K K K
0 0.446 0.453 1.014 1.030 0.450 1.022
100 0.468 0.476 1.015 1.029 0.472 1.022
300 0.503 0.512 1.017 1.031 0.507 1.024
500 0.536 0.546 1.016 1.031 0.541 1.024
1000 0.615 0.625 1.018 1.033 0.620 1.025
1500 0.685 0.697 1.022 1.036 0.691 1.029
2000 0.751 0.764 1.024 1.038 0.757 1.031
3000 0.859 0.872 1.025 1.041 0.865 1.033
4000 0.934 0.948 1.030 1.045 0.941 1.038
5000 0.992 1.005 1.035 1.051 0.999 1.043
Table A.11: Experimental data for large
transfer), 1.5% 3 He- 4He mixture, 1.00 cm
second cycle period.
recuperator (12.1 cm 3
hot piston stroke, 0.98
devoted to recuperative heat
cm cold piston stroke, and 10
Q Teold min Told max Thot min Thot max Told Thot
pW K K K K K K
0 0.313 0.307 0.982 0.994 0.310 0.988
100 0.356 0.348 0.981 0.993 0.352 0.987
300 0.429 0.419 0.981 0.994 0.424 0.988
500 0.501 0.490 0.982 0.996 0.495 0.989
1000 0.658 0.645 0.983 0.998 0.651 0.990
1500 0.794 0.780 0.984 1.000 0.787 0.992
2000 0.893 0.878 0.987 1.004 0.885 0.995
2500 0.962 0.946 0.990 1.009 0.954 1.000
3000 1.012 0.996 0.992 1.013 1.004 1.003
Table A.12: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4He mixture, 1.00 cm hot piston stroke, 0.98 cm cold piston stroke, and 20
second cycle period.
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Table A.13: Experimental data for large recuperator (12.1 cm 3
transfer), 1.5% 3 He-4He mixture, 1.00 cm hot piston stroke, 0.98
second cycle period.
devoted to recuperative heat
cm cold piston stroke, and 27
Q Teoid min Teold max Thot min Thot max Teold Thot
pW K K K K K K
0 0.326 0.334 0.968 0.979 0.330 0.973
100 0.408 0.415 0.970 0.980 0.411 0.975
300 0.554 0.564 0.970 0.982 0.559 0.976
500 0.688 0.699 0.972 0.983 0.694 0.977
1000 0.917 0.929 0.973 0.986 0.923 0.979
1250 0.979 0.993 0.974 0.988 0.986 0.981
Table A.14: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-'t He mixture, 1.00 cm
second cycle period.
hot piston stroke, 0.98 cm cold piston stroke, and 40
Q Teol min Teold max Thot min Thot max Told Thot
pW K K K K K K
0 0.368 0.378 0.963 0.972 0.373 0.968
100 0.480 0.492 0.963 0.973 0.486 0.968
300 0.673 0.687 0.963 0.974 0.680 0.969
500 0.838 0.852 0.967 0.978 0.845 0.972
750 0.962 0.974 0.968 0.983 0.968 0.975
Table A.15: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4 He mixture, 1.00 cm hot piston stroke, 0.98 cm cold piston stroke, and 60
second cycle period.
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Q Teold min Teold max Tht min Tht max Teold Thot
pW K K K K K K
0 0.305 0.311 0.981 0.988 0.308 0.984
100 0.357 0.364 0.984 0.991 0.360 0.988
300 0.452 0.464 0.985 0.992 0.458 0.989
500 0.543 0.551 0.982 0.991 0.547 0.986
1000 0.745 0.756 0.977 0.987 0.751 0.982
1500 0.886 0.898 0.980 0.991 0.892 0.985
1061 0.768 0.779 0.981 0.988 0.773 0.985
2000 0.973 0.986 0.982 0.995 0.979 0.988
Table A.16: Experimental data for large recuperator (12.1 cm 3
transfer), 1.5% 3 He-
second cycle period
4 He mixture, 1.00 cm hot piston stroke, 0.69
devoted to recuperative heat
cm cold piston stroke, and 10
Q Teoid min Told max Thot min Thot max Teold Thot
pW K K K K K K
0 0.329 0.333 0.950 0.957 0.331 0.954
100 0.363 0.369 0.951 0.958 0.366 0.954
300 0.430 0.436 0.952 0.959 0.433 0.956
500 0.495 0.501 0.953 0.960 0.498 0.957
1000 0.633 0.640 0.954 0.962 0.636 0.958
1500 0.750 0.757 0.956 0.965 0.754 0.961
2000 0.842 0.848 0.958 0.967 0.845 0.963
3000 0.955 0.961 0.965 0.973 0.958 0.969
Table A.17: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He- 4He mixture, 1.00 cm
second cycle period.
hot piston stroke, 0.69 cm cold piston stroke, and 15
Q Told min Teold max Thot min That max Teold Thot
pW K K K K K K
0 0.289 0.294 0.935 0.942 0.291 0.939
100 0.347 0.352 0.937 0.946 0.349 0.941
300 0.441 0.446 0.938 0.948 0.444 0.943
500 0.534 0.541 0.938 0.948 0.538 0.943
1000 0.726 0.734 0.942 0.951 0.730 0.947
1500 0.862 0.870 0.950 0.957 0.866 0.953
2000 0.944 0.951 0.950 0.963 0.948 0.957
Table A.18: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He- 4 He mixture, 1.00 cm hot piston stroke, 0.69 cm cold piston stroke, and 20
second cycle period.
128
Q Teod min Teoid max Tht min Tht max Teold Thot
pW K K K K K K
0 0.429 0.434 0.974 0.982 0.432 0.978
100 0.460 0.467 0.976 0.988 0.464 0.982
300 0.503 0.510 0.976 0.987 0.506 0.982
500 0.546 0.553 0.976 0.987 0.550 0.982
1000 0.633 0.640 0.977 0.986 0.637 0.982
1500 0.719 0.697 0.978 0.988 0.708 0.983
2000 0.894 0.899 0.985 0.993 0.896 0.989
4000 0.964 0.969 0.990 0.999 0.967 0.995
Table A.19: Experimental data for large
transfer), 1.5% 3 He- 4 He mixture, 1.00 cm
second cycle period.
recuperator (12.1 cm 3
hot piston stroke, 0.69
devoted to recuperative heat
cm cold piston stroke, and 30
Table A.20: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He- 4 He mixture, 1.00 cm hot piston stroke, 0.69
second cycle period.
Table A.21: Experimental data for large recuperator (12.1 cm 3
transfer), 1.5% 3 He-4 He mixture, 1.00 cm hot piston stroke, 0.69
second cycle period.
cm cold piston stroke, and 40
devoted to recuperative heat
cm cold piston stroke, and 60
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Q Tcoid min Tcold max Thot min Tht max Teold Thot
pW K K K K K K
0 0.300 0.304 0.933 0.939 0.302 0.936
100 0.372 0.376 0.933 0.939 0.374 0.936
300 0.502 0.507 0.933 0.941 0.504 0.937
500 0.618 0.624 0.933 0.941 0.621 0.937
1000 0.840 0.847 0.936 0.943 0.844 0.939
1500 0.955 0.961 0.939 0.949 0.958 0.944
Q Teol min Teoid max Tht min Thot max Teold Thot
pW K K K K K K
0 0.329 0.332 0.924 0.932 0.330 0.928
100 0.422 0.426 0.924 0.932 0.424 0.928
300 0.591 0.598 0.923 0.932 0.595 0.928
500 0.741 0.748 0.924 0.934 0.744 0.929
1000 0.950 0.955 0.927 0.940 0.953 0.934
A.2.2 Low temperature results for 3.0% 3He-4He mixture
Q Teold min Told max Thot min Thot max Teold Thot
pW K K K K K K
0 0.477 0.484 1.068 1.105 0.481 1.087
100 0.486 0.494 1.068 1.105 0.490 1.087
300 0.503 0.510 1.069 1.105 0.507 1.087
500 0.524 0.538 1.068 1.102 0.531 1.085
1000 0.561 0.575 1.068 1.103 0.568 1.086
1500 0.598 0.611 1.070 1.103 0.605 1.087
2000 0.633 0.646 1.071 1.105 0.640 1.088
3000 0.701 0.714 1.074 1.109 0.707 1.091
4000 0.762 0.774 1.075 1.111 0.768 1.093
6000 0.863 0.881 1.088 1.103 0.872 1.095
8000 0.944 0.961 1.092 1.106 0.952 1.099
Table A.22: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm
second cycle period.
hot piston stroke, 1.0 cm cold piston stroke, and 10
Table A.23: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He- 4He mixture, 1.0 cm hot piston stroke, 1.0 cm cold piston stroke, and 15
second cycle period.
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Table A.24: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm
second cycle period.
hot piston stroke, 1.0 cm cold piston stroke, and 20
Q Teold min Teold max Tht min Tht max Teold Thot
pW K K K K K K
0 0.320 0.331 1.036 1.047 0.326 1.042
100 0.347 0.358 1.037 1.047 0.353 1.042
300 0.395 0.405 1.034 1.049 0.400 1.042
500 0.442 0.454 1.034 1.049 0.448 1.042
1000 0.560 0.573 1.036 1.051 0.567 1.044
1500 0.665 0.680 1.037 1.052 0.673 1.045
2000 0.763 0.778 1.039 1.053 0.770 1.046
3000 0.914 0.930 1.041 1.057 0.922 1.049
4000 1.011 1.028 1.045 1.060 1.019 1.053
Table A.25: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 1.0 cm cold piston stroke, and 30
second cycle period.
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Q Teold min Teold max Thot min Thot max Told Thot
pW K K K K K K
0 0.315 0.325 1.040 1.060 0.320 1.050
100 0.337 0.347 1.042 1.060 0.342 1.051
300 0.375 0.387 1.044 1.060 0.381 1.052
500 0.411 0.421 1.046 1.059 0.416 1.053
1000 0.498 0.510 1.048 1.062 0.504 1.055
1500 0.575 0.590 1.050 1.063 0.583 1.056
2000 0.647 0.663 1.051 1.064 0.655 1.058
3000 0.781 0.797 1.053 1.066 0.789 1.060
4000 0.882 0.899 1.053 1.069 0.890 1.061
6000 1.023 1.040 1.058 1.074 1.031 1.066
Table A.26: Experimental data for large
transfer), 3.0% 3 He- 4 He mixture, 1.0 cm
second cycle period.
recuperator (12.1 cm 3 devoted to recuperative heat
hot piston stroke, 1.0 cm cold piston stroke, and 40
Table A.27: Experimental data for large recuperator (12.1 cm 3 devoted
transfer), 3.0% 3 He- 4 He mixture, 1.0 cm hot piston stroke, 0.69 cm cold
second cycle period.
to recuperative heat
piston stroke, and 10
Table A.28: Experimental data for large recuperator (12.1 cm3 devoted to recuperative heat
transfer), 3.0% 3 He- 4 He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, and 20
second cycle period.
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Q Teoid min Tcold max Thot min Tht max Told Thot
p1W K K K K K K
0 0.375 0.383 1.030 1.042 0.379 1.036
100 0.404 0.412 1.030 1.042 0.408 1.036
300 0.452 0.466 1.032 1.043 0.459 1.038
500 0.506 0.517 1.034 1.044 0.511 1.039
1000 0.643 0.657 1.035 1.045 0.650 1.040
1499 0.772 0.787 1.034 1.047 0.779 1.041
2000 0.884 0.900 1.034 1.047 0.892 1.041
3002 1.026 1.041 1.038 1.050 1.034 1.044
Q Teoid min TeoId max Tht min Thot max Tcold Thot
pW K K K K K K
0 0.502 0.511 1.019 1.088 0.507 1.053
93 0.511 0.520 1.059 1.071 0.516 1.065
305 0.531 0.541 1.063 1.075 0.536 1.069
504 0.551 0.560 1.063 1.075 0.555 1.069
981 0.594 0.604 1.062 1.075 0.599 1.069
1496 0.639 0.648 1.063 1.075 0.644 1.069
1966 0.679 0.689 1.064 1.079 0.684 1.071
3002 0.761 0.770 1.066 1.080 0.766 1.073
Q Tcold min Teold max Thot min Thot max Tcld Thot
pW K K K K K K
0 0.310 0.317 1.032 1.041 0.313 1.036
96 0.338 0.345 1.032 1.042 0.342 1.037
304 0.390 0.397 1.033 1.043 0.393 1.038
507 0.435 0.442 1.034 1.045 0.438 1.040
981 0.539 0.548 1.035 1.046 0.544 1.040
1473 0.635 0.644 1.037 1.046 0.640 1.041
1460 0.638 0.647 1.036 1.046 0.643 1.041
2004 0.742 0.749 1.037 1.048 0.746 1.043
3001 0.896 0.906 1.039 1.050 0.901 1.044
Table A.29: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He- 4He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, and 30
second cycle period.
Q Teoi min Teold max Tht min Thot max Teold Thot
pW K K K K K K
0 0.414 0.420 1.014 1.022 0.417 1.018
100 0.440 0.446 1.017 1.023 0.443 1.020
502 0.552 0.560 1.013 1.023 0.556 1.018
1003 0.737 0.745 1.015 1.024 0.741 1.020
1499 0.888 0.897 1.013 1.023 0.893 1.018
2002 0.990 0.999 1.013 1.028 0.995 1.020
Table A.30: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, and 40
second cycle period.
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Q Teoid min Teoid max Thot min Tht max Told Thot
ILW K K K K K K
0 0.335 0.341 1.023 1.032 0.338 1.027
100 0.364 0.370 1.024 1.033 0.367 1.028
301 0.426 0.432 1.027 1.033 0.429 1.030
500 0.492 0.498 1.027 1.036 0.495 1.031
1033 0.657 0.665 1.026 1.039 0.661 1.032
2008 0.919 0.928 1.020 1.033 0.923 1.027
A.2.3 High temperature results
Table A.31: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 27 second
cycle period, and hot piston temperature near 1.3 K.
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Q Tcoid min Told max That min Thot max Teold Thot
pW K K K K K K
0 0.597 0.608 1.296 1.306 0.603 1.301
100 0.640 0.651 1.296 1.306 0.646 1.301
300 0.718 0.730 1.299 1.308 0.724 1.303
500 0.787 0.799 1.300 1.310 0.793 1.305
1000 0.918 0.931 1.305 1.314 0.925 1.309
1500 1.003 1.016 1.310 1.320 1.010 1.315
2000 1.061 1.075 1.315 1.325 1.068 1.320
3000 1.136 1.151 1.327 1.336 1.144 1.331
4000 1.185 1.201 1.336 1.346 1.193 1.341
5000 1.224 1.240 1.347 1.356 1.232 1.351
7000 1.278 1.295 1.364 1.373 1.287 1.368
Q Teold min Teold max Thot min Thot max Tcold Thot
pLW K K K K K K
0 1.290 1.305 1.555 1.565 1.298 1.560
100 1.323 1.338 1.572 1.582 1.330 1.577
300 1.332 1.347 1.576 1.586 1.339 1.581
500 1.341 1.355 1.580 1.590 1.348 1.585
1000 1.358 1.373 1.589 1.590 1.365 1.589
1500 1.376 1.392 1.592 1.596 1.384 1.594
2000 1.392 1.408 1.602 1.610 1.400 1.606
3000 1.419 1.436 1.613 1.622 1.427 1.617
4000 1.452 1.460 1.620 1.632 1.456 1.626
5000 1.463 1.480 1.630 1.642 1.471 1.636
7000 1.499 1.517 1.647 1.658 1.508 1.652
9000 1.533 1.550 1.664 1.684 1.541 1.674
Table A.32: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-41He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 27 second
cycle period, and hot piston temperature near 1.6 K.
Q Teoid min Teold max Thot min Thot max Teold Thot
[W K K K K K K
0 1.498 1.511 1.681 1.695 1.505 1.688
100 1.502 1.518 1.684 1.698 1.510 1.691
300 1.507 1.523 1.687 1.702 1.515 1.694
500 1.515 1.529 1.689 1.703 1.522 1.696
1000 1.756 1.780 1.841 1.868 1.768 1.855
Table A.33: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 1.5% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 27 second
cycle period, and hot piston temperature near 1.7 K.
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Table A.34: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.2 K.
Q Teol min Teold max Te,1d Thot
pW K K K K
0 0.612 0.628 0.620 1.400
100 0.627 0.643 0.635 1.400
300 0.655 0.672 0.663 1.400
500 0.682 0.699 0.691 1.400
1000 0.750 0.768 0.759 1.400
1500 0.812 0.830 0.821 1.400
2000 0.866 0.884 0.875 1.400
3000 0.956 0.975 0.965 1.400
4000 1.007 1.026 1.017 1.400
6000 1.106 1.124 1.115 1.400
8000 1.170 1.187 1.179 1.400
Table A.35: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.4 K.
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Q Told min Teold max Teoid Thot
pW K K K K
0 0.407 0.418 0.412 1.200
100 0.424 0.435 0.429 1.200
300 0.462 0.474 0.468 1.200
500 0.495 0.509 0.502 1.200
1000 0.569 0.584 0.577 1.200
1500 0.641 0.657 0.649 1.200
2000 0.708 0.724 0.716 1.200
3000 0.825 0.842 0.834 1.200
4000 0.919 0.936 0.928 1.200
6000 1.042 1.058 1.050 1.200
Q Teoi min Teoid max Teold Thot
pW K K K K
0 1.060 1.078 1.069 1.600
100 1.071 1.088 1.079 1.600
300 1.076 1.094 1.085 1.600
500 1.083 1.101 1.092 1.600
1000 1.101 1.118 1.109 1.600
1500 1.117 1.135 1.126 1.600
2000 1.136 1.152 1.144 1.600
3000 1.173 1.190 1.181 1.600
4000 1.185 1.205 1.195 1.600
6000 1.243 1.261 1.252 1.600
8000 1.289 1.307 1.298 1.600
Table A.36: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.6 K.
Q Teoid min Teold max Teold Thot
pW K K K K
0 1.449 1.468 1.459 1.799
100 1.449 1.468 1.459 1.799
300 1.450 1.468 1.459 1.799
500 1.451 1.469 1.460 1.799
1000 1.508 1.526 1.517 1.799
1500 1.522 1.538 1.530 1.799
2000 1.528 1.545 1.537 1.799
3000 1.537 1.553 1.545 1.799
4000 1.548 1.563 1.555 1.799
6000 1.562 1.577 1.569 1.799
8000 1.578 1.593 1.586 1.799
12000 1.612 1.624 1.618 1.799
Table A.37: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.98 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.8 K.
137
Table A.38: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.2 K.
Q Toi min Teold max Teold That
pW K K K K
0 0.617 0.630 0.623 1.400
100 0.636 0.649 0.643 1.400
300 0.677 0.690 0.684 1.400
500 0.716 0.730 0.723 1.400
1000 0.799 0.813 0.806 1.400
1500 0.872 0.885 0.879 1.400
2000 0.934 0.947 0.940 1.400
3000 1.032 1.046 1.039 1.400
4000 1.104 1.115 1.109 1.400
6000 1.198 1.209 1.203 1.400
8000 1.260 1.270 1.265 1.400
Table A.39: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.4 K.
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Q Teoid min Teold max Teold Thot
pW K K K K
0 0.395 0.403 0.399 1.199
100 0.417 0.426 0.421 1.199
300 0.469 0.478 0.474 1.199
500 0.517 0.527 0.522 1.201
1000 0.620 0.630 0.625 1.204
1500 0.712 0.722 0.717 1.208
2000 0.797 0.807 0.802 1.209
3000 0.932 0.943 0.937 1.212
4000 1.027 1.037 1.032 1.219
6000 1.139 1.148 1.143 1.217
Table A.40: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.6 K.
Q Tcold min Teold max Te0ld Thot
pW K K K K
0 1.491 1.502 1.497 1.799
100 1.492 1.503 1.498 1.799
300 1.495 1.504 1.500 1.799
500 1.496 1.506 1.501 1.799
1000 1.500 1.511 1.506 1.799
1500 1.506 1.514 1.510 1.799
2000 1.509 1.519 1.514 1.799
3000 1.518 1.528 1.523 1.799
4000 1.519 1.537 1.528 1.799
5000 1.586 1.599 1.592 1.799
6000 1.595 1.609 1.602 1.799
8000 1.610 1.623 1.617 1.799
Table A.41: Experimental data for large recuperator (12.1 cm 3 devoted to recuperative heat
transfer), 3.0% 3 He-4 He mixture, 1.0 cm hot piston stroke, 0.69 cm cold piston stroke, 20 second
cycle period, and hot piston temperature of 1.8 K.
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Q Tcid min Teid max Teld Thot
pW K K K K
0 1.129 1.139 1.134 1.600
100 1.132 1.143 1.138 1.600
300 1.139 1.150 1.144 1.600
500 1.149 1.159 1.154 1.600
1000 1.168 1.178 1.173 1.600
1500 1.185 1.194 1.189 1.600
2000 1.192 1.204 1.198 1.600
3000 1.222 1.233 1.227 1.600
4000 1.255 1.265 1.260 1.600
6000 1.313 1.323 1.318 1.600
8000 1.358 1.367 1.362 1.600
A.3 Two Stage SSR With Small Upper and Lower Recupera-
tors
Q Teold min Teold max Tint min Tint max Thot min Thot max TeOld Tint Thot
pW K K K K K K K K K
0 0.398 0.402 0.854 0.863 1.057 1.064 0.400 0.859 1.060
100 0.420 0.423 0.857 0.865 1.058 1.064 0.422 0.861 1.061
300 0.466 0.469 0.861 0.869 1.059 1.065 0.467 0.865 1.062
500 0.506 0.510 0.866 0.873 1.060 1.067 0.508 0.870 1.063
1000 0.615 0.619 0.873 0.880 1.063 1.069 0.617 0.877 1.066
1500 0.725 0.729 0.873 0.880 1.064 1.071 0.727 0.877 1.068
2000 0.883 0.887 0.887 0.895 1.066 1.074 0.885 0.891 1.070
Table A.42: Experimental data for a 3.0% 3 He-4 He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, and 10 second cycle period. Upper recuperator and lower recuperators
respectively have 3.0 cm 3 and 4.8 cm3 devoted to recuperative heat transfer.
Q Tcold min Teold max Tint min Tint max Thot min Thot max Told Tint Thot
pW K K K K K K K K K
0 0.326 0.331 0.745 0.753 1.032 1.040 0.329 0.749 1.036
100 0.360 0.365 0.750 0.760 1.029 1.042 0.362 0.755 1.036
300 0.417 0.423 0.754 0.764 1.031 1.042 0.420 0.759 1.037
500 0.482 0.489 0.754 0.763 1.032 1.042 0.485 0.759 1.037
1000 0.649 0.658 0.748 0.758 1.034 1.044 0.654 0.753 1.039
1500 0.847 0.857 0.750 0.763 1.037 1.044 0.852 0.756 1.040
2000 0.986 0.994 0.765 0.778 1.037 1.048 0.990 0.771 1.042
Table A.43: Experimental data for a 3.0% 3 He-4 He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, and 15 second cycle period. Upper recuperator and lower recuperators
respectively have 3.0 cm 3 and 4.8 cm 3 devoted to recuperative heat transfer.
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Q Teod min Teold max Tint min Tint max Thot min Thot max Told Tint Thot
pW K K K K K K K K K
0 0.344 0.349 0.801 0.809 1.033 1.042 0.347 0.805 1.038
100 0.374 0.380 0.804 0.812 1.034 1.044 0.377 0.808 1.039
300 0.427 0.434 0.806 0.814 1.035 1.044 0.430 0.810 1.040
500 0.490 0.496 0.805 0.814 1.036 1.045 0.493 0.809 1.040
1000 0.645 0.654 0.797 0.808 1.037 1.045 0.650 0.802 1.041
1500 0.832 0.844 0.795 0.807 1.039 1.048 0.838 0.801 1.043
2000 0.996 1.007 0.815 0.827 1.039 1.048 1.002 0.821 1.044
Table A.44: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, 15 second cycle period and 500 puW heat load on the intermediate piston.
Upper recuperator and lower recuperators respectively have 3.0 cm 3 and 4.8 cm 3 devoted to
recuperative heat transfer.
Q Teold min Teold max Tint min Tint max Thot min Thot max Teld Tint Thnt
pW K K K K K K K K K
0 0.358 0.364 0.846 0.852 1.035 1.042 0.361 0.849 1.039
100 0.388 0.393 0.848 0.855 1.035 1.042 0.390 0.852 1.039
300 0.439 0.445 0.848 0.856 1.035 1.043 0.442 0.852 1.039
500 0.499 0.506 0.846 0.854 1.036 1.042 0.503 0.850 1.039
1000 0.648 0.658 0.838 0.848 1.037 1.045 0.653 0.843 1.041
1500 0.838 0.849 0.839 0.849 1.039 1.046 0.844 0.844 1.042
2000 0.992 1.000 0.858 0.866 1.041 1.048 0.996 0.862 1.045
Table A.45: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, 15 second cycle period and 1 mW heat load on the intermediate piston.
Upper recuperator and lower recuperators respectively have 3.0 cm 3 and 4.8 cm 3 devoted to
recuperative heat transfer.
Q Teold min Teold max Tint min Tint max Thot min Thot max Told Tint Thot
pW K K K K K K K K K
0 0.281 0.287 0.633 0.640 1.018 1.024 0.284 0.636 1.021
100 0.357 0.364 0.653 0.660 1.020 1.026 0.361 0.656 1.023
300 0.433 0.441 0.651 0.658 1.020 1.028 0.437 0.655 1.024
500 0.557 0.568 0.647 0.656 1.022 1.029 0.563 0.651 1.025
1000 0.927 0.939 0.651 0.662 1.024 1.031 0.933 0.656 1.027
1500 1.421 1.429 1.334 1.359 1.113 1.124 1.425 1.346 1.118
Table A.46: Experimental data for a 3.0% 3 He- 4He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, and 25 second cycle period. Upper recuperator and lower recuperators
respectively have 3.0 cm 3 and 4.8 cm 3 devoted to recuperative heat transfer.
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Q Teold min Teold max Tint min Tint max Tht min Thot max Teold Tint Thot
paW K K K K K K K K K
0 0.281 0.287 0.633 0.640 1.018 1.024 0.284 0.636 1.021
100 0.357 0.364 0.653 0.660 1.020 1.026 0.361 0.656 1.023
300 0.433 0.441 0.651 0.658 1.020 1.028 0.437 0.655 1.024
500 0.557 0.568 0.647 0.656 1.022 1.029 0.563 0.651 1.025
1000 0.927 0.939 0.651 0.662 1.024 1.031 0.933 0.656 1.027
1500 1.421 1.429 1.334 1.359 1.113 1.124 1.425 1.346 1.118
Table A.47: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0
cm expander stroke, and 40 second cycle period. Upper recuperator and lower recuperators
respectively have 3.0 cm 3 and 4.8 cm 3 devoted to recuperative heat transfer.
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A.4 Two Stage SSR With Large Upper and Lower Recupera-
tors
Q Tcoid min Teold max Tint min Tint max Thot min Thot max Teold Tint Thot
pW K K K K K K K K K
0 0.317 0.321 0.653 0.658 1.053 1.058 0.319 0.655 1.056
100 0.342 0.346 0.674 0.679 1.071 1.072 0.344 0.677 1.072
300 0.385 0.389 0.709 0.714 1.071 1.077 0.387 0.712 1.074
500 0.450 0.454 0.723 0.728 1.073 1.081 0.452 0.725 1.077
1000 0.623 0.628 0.717 0.722 1.076 1.081 0.626 0.719 1.079
1500 0.820 0.825 0.707 0.713 1.077 1.083 0.823 0.710 1.080
Table A.48: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, and 10 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
Q Teol min Teold max Tint min Tint max Thot min Thot max ToId Tint Thot
pW K K K K K K K K K
0 0.305 0.309 0.522 0.528 1.038 1.045 0.307 0.525 1.041
100 0.337 0.342 0.543 0.548 1.039 1.044 0.340 0.545 1.042
300 0.399 0.404 0.567 0.574 1.042 1.046 0.401 0.570 1.044
500 0.520 0.528 0.563 0.571 1.041 1.046 0.524 0.567 1.043
1000 0.901 0.910 0.533 0.542 1.042 1.048 0.905 0.537 1.045
1500 1.042 1.049 0.572 0.582 1.042 1.048 1.046 0.577 1.045
Table A.49: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, and 15 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
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Q Teoi min Tcd max Tint min Tint max Tht min Thot max Told Tint Thot
pLW K K K K K K K K K
0 0.329 0.334 0.501 0.509 1.055 1.059 0.332 0.505 1.057
100 0.364 0.370 0.524 0.533 1.055 1.059 0.367 0.529 1.057
300 0.454 0.467 0.549 0.558 1.056 1.059 0.460 0.554 1.057
500 0.623 0.634 0.517 0.527 1.037 1.041 0.629 0.522 1.039
1000 0.978 0.988 0.519 0.530 1.038 1.043 0.983 0.524 1.040
1500 1.103 1.105 0.601 0.613 1.040 1.044 1.104 0.607 1.042
Table A.50: Experimental data for a 3.0% 3He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, and 20 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
Q Teol min Teold max Tint min Tint max Thot min Thot max Teold Tint Thot
pW K K K K K K K K K
0 0.356 0.359 0.777 0.787 1.069 1.072 0.358 0.782 1.071
100 0.378 0.380 0.817 0.834 1.069 1.072 0.379 0.826 1.071
300 0.432 0.434 0.858 0.877 1.071 1.075 0.433 0.867 1.073
500 0.499 0.502 0.884 0.887 1.072 1.076 0.500 0.886 1.074
1000 0.693 0.696 0.889 0.891 1.072 1.076 0.694 0.890 1.074
1500 0.896 0.899 0.898 0.900 1.072 1.076 0.898 0.899 1.074
Table A.51: Experimental data for a 3.0% 3 He- 4 He mixture, 1.0 cm compressor stroke, 0.69 cm
expander stroke, and 10 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
Q Teold min Told max Tint min Tint max Thot min Thot max Told Tint Thot
pW K K K K K K K K K
0 0.345 0.349 0.584 0.588 1.060 1.063 0.347 0.586 1.062
100 0.380 0.384 0.632 0.636 1.060 1.063 0.382 0.634 1.062
300 0.448 0.451 0.666 0.682 1.038 1.041 0.449 0.674 1.039
500 0.566 0.569 0.667 0.670 1.038 1.043 0.568 0.669 1.041
1000 0.921 0.925 0.666 0.669 1.039 1.043 0.923 0.668 1.041
1500 1.075 1.079 0.710 0.714 1.046 1.052 1.077 0.712 1.049
Table A.52: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 0.69 cm
expander stroke, and 15 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
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Q Teol min Teold max Tint Min Tint max Thot min Thot max Told Tint Thot
pW K K K K K K K K K
0 0.383 0.386 0.583 0.589 1.057 1.061 0.385 0.586 1.059
100 0.418 0.422 0.611 0.619 1.053 1.057 0.420 0.615 1.055
300 0.498 0.502 0.644 0.648 1.052 1.055 0.500 0.646 1.054
500 0.657 0.662 0.640 0.643 1.053 1.056 0.659 0.642 1.055
1000 1.042 1.047 0.662 0.666 1.054 1.061 1.045 0.664 1.058
1500 1.145 1.149 0.758 0.761 1.056 1.061 1.147 0.759 1.059
Table A.53: Experimental data for a 3.0% 3He-4He mixture, 1.0 cm compressor stroke, 0.69 cm
expander stroke, and 20 second cycle period. Upper recuperator and lower recuperators both
have 12.1 cm 3 devoted to recuperative heat transfer.
Q Tod min Tcold max Tint min Tint max Teold Tint Thot
pW K K K K K K K
0 0.386 0.391 0.647 0.654 0.389 0.651 1.200
100 0.412 0.417 0.661 0.669 0.414 0.665 1.200
300 0.525 0.532 0.760 0.768 0.528 0.764 1.200
500 0.606 0.613 0.780 0.787 0.609 0.783 1.200
1000 0.897 0.901 0.672 0.679 0.899 0.676 1.200
1500 1.038 1.046 0.706 0.717 1.042 0.712 1.200
2000 1.106 1.114 0.771 0.782 1.110 0.777 1.200
Table A.54: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, 15 second cycle period, and hot piston temperature of 1.2 K. Upper recuperator
and lower recuperators both have 12.1 cm 3 devoted to recuperative heat transfer.
Q Tcoid min Tcoid max Tint min Tint max Tcold Tint Thot
puW K K K K K K K
0 0.578 0.582 0.884 0.891 0.580 0.888 1.400
100 0.599 0.605 0.894 0.900 0.602 0.897 1.400
300 0.651 0.656 0.918 0.926 0.654 0.922 1.400
500 0.708 0.715 0.931 0.941 0.712 0.936 1.400
1000 0.916 0.922 0.955 0.965 0.919 0.960 1.400
1500 1.054 1.060 0.978 0.989 1.057 0.983 1.400
2000 1.128 1.133 1.008 1.019 1.131 1.013 1.400
Table A.55: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, 15 second cycle period, and hot piston temperature of 1.4 K. Upper recuperator
and lower recuperators both have 12.1 cm 3 devoted to recuperative heat transfer.
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Q Teol min Tcold max Tint min Tint max Tcold Tint Thot
pW K K K K K K K
0 1.028 1.035 1.292 1.301 1.031 1.297 1.600
100 1.031 1.044 1.283 1.291 1.038 1.287 1.600
300 1.048 1.055 1.299 1.306 1.051 1.303 1.600
500 1.067 1.077 1.291 1.298 1.072 1.294 1.600
1000 1.122 1.136 1.306 1.314 1.129 1.310 1.600
1500 1.179 1.192 1.307 1.314 1.185 1.311 1.600
2000 1.241 1.250 1.319 1.329 1.246 1.324 1.600
Table A.56: Experimental data for a 3.0% 3 He-4He mixture, 1.0 cm compressor stroke, 1.0 cm
expander stroke, 15 second cycle period, and hot piston temperature of 1.6 K. Upper recuperator
and lower recuperators both have 12.1 cm 3 devoted to recuperative heat transfer.
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A.5 Two Stage SSR With Large Upper and Small Lower Re-
cuperators
Q Teoi min Teold max Tint min Tint max Thot min Thot max TeId Tnt Thnt
pW K K K K K K K K K
0 0.250 0.255 0.467 0.470 1.038 1.044 0.253 0.469 1.041
Table A.57: Experimental data for a 3.0% 3 He-4 He mixture, 1.0 cm compressor stroke, 0.69
cm expander stroke, and 15 second cycle period. Upper recuperator has 12.1 cm 3 devoted to
recuperative heat transfer while lower recuperator uses 4.8 cm 3 .
Q Tcoid min Teold max Tint min Tnt max Thot min Thot max Teold Tnt Thot
pW K K K K K K K K K
0 0.245 0.250 0.429 0.435 1.033 1.036 0.248 0.432 1.034
Table A.58: Experimental data for a 3.0% 3 He- 4He mixture, 1.0 cm compressor stroke, 0.69
cm expander stroke, and 23 second cycle period. Upper recuperator has 12.1 cm 3 devoted to
recuperative heat transfer while lower recuperator uses 4.8 cm 3.
147
Appendix B
Computer Code
This appendix contains the computer code used to generate the simulation results of the adia-
batic recuperative Stirling refrigerator. The code is written in Matlab version 4.2 programming
language and is divided into two files, called drive.m and loop.m. Varibles names match those
used in Chapter 2.
drive.m
% setup system
clear
% set the number of time steps
num = 80
% set the number of elements
numberheat = 5
numberrecup = 20
number = numberrecup +2*number _heat+2;
% temperature ratio Tc/Th
TR = 1/3
% expander/compressor phase angle difference
phase = pi/2
% Set refrigerator volumes
% Define Vswh/Vswc = b; Vclc/Vswc = q; Vclh/Vswh = r; Vswc = a
V_r = .15
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b = 1;
q qqq(k);
r qqq(k);
a = (1-V_r)/(1/2+b/2+q+r*b);
Vswh a*b
Vswc = a
Vclh r*a*b
Vclc = q*a
Vt = V_r + 0.5*Vswh + 0.5*Vswc + Vclh + Vclc
% define NTU = UA/(fNcp) for code you need to divide by 2pi
NTUheatl = 50
NTU_heat2 = 50
NTUrecup = 1000
Ntu = NTU recup/(2*pi*number 
_recup)
Ntul = NTUheat1/(2*pi*number _heat)
Ntu2 = NTUheat2/(2*pi*number 
_heat)
% Assume initial temperature distribution in refrigerator is linear
th = 1/TR
te =1
for i=1:number
tti(i,1) = th - (th-tc)/(number-1)*(i-1);
end
ttj = tti;
%setup volumes assuming 10% of the clearance volumes are adiabatic
theta = linspace(0,2*pi,num);
dtheta = theta(2)-theta(1)
for j=1:num
Vi(1,j) = 0.1*Vclh+ 0.5*Vswh*(l + cos(theta(j)));
Vj(1,j) = 0.1*Vclh+ 0.5*Vswh*(1 + cos(theta(j)+pi));
Vi(number,j) = 0.1*Vclc + 0.5*Vswc*(1 + cos(theta(j)+phase));
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Vj(number,j) = 0.1 * Vclc + 0.5*Vswc*(1 + cos(theta(j)+pi+phase));
for i=2:(numberheat+1)
Vi(ij) = 0.9*Vclh/number _heat;
Vj(i,j) = 0.9*Vlh/number _heat;
end
for i =(2+number _heat): (number heat +number _recup + 1)
Vi(ij)=Vr/number recup;
Vj(i,j) = Vr/numberrecup;
end
for i =(number _recup+number _heat+ 2): (number _recup+ 2* number _heat+ 1)
Vi(ij) = 0.9*Vclc/number _heat;
Vj(i,j) = 0.9*Vlc/number _heat;
end
end
pressurei = zeros(1,num);
pressurej = zeros(1,num);
% call m-file loop.m
[pressurei,pressurej,ti,tj,mi,mj,ZZi,ZZj] = loop (number,number _heat, number _recup
num,dtheta,Ntu,Ntul,Ntu2,tti,ttj,tc,th,Vi,Vj);
for iter =1:6
tti = ti(:,num)
ttj = tj(:,num)
[pressurei,pressurej,ti,tj,mi,mj,ZZi,ZZj] = loop (number, number _heat,...
number _recup,num,dtheta,Ntu,Ntul,Ntu2,tti,ttj,tc,th,Vi,Vj);
end
% calculate heat transfer at each platform during one cycle
for i =2:(number 
_heat+1)
dQhi(i) = 0;
dQhj(i) = 0;
dQci(i) = 0;
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dQcj(i) = 0;
for j=1:(num-1)
dQhi(i) = dQhi(i) +gamma/ (gamma-1) *Ntul* (th-0.5* (ti(i,j) +ti (i,j+1))) *dtheta;
dQhj(i) =dQhj (i) +gamma/(gamma-1) *Ntul * (th-0. 5* (tj (ij) +tj (i,j +1))) *dtheta;
dQci(i)= dQci (i) +gamma/ (gamma-1) *Ntu2* (tc-0. 5* (ti (number _heat+...
number _recup+i,j) +ti(number _heat+number _recup+i,j +1))) *dtheta;
dQcj(i)= dQcj (i) +gamma/ (gamma-1) *Ntu2* (tc-0. 5* (tj (number _ heat+...
number _recup+i,j) +tj (number _heat+number _recup+i,j+ 1))) *dtheta;
end
end
Qhi(k,s) = sum(dQhi)
Qhj(k,s) = sum(dQhj)
Qci(k,s) = sum(dQci)
Qcj(k,s) = sum(dQcj)
loop.m
function [pressurei,pressurej,ti,tj,mi,mj,ZZi,ZZj] = loopi (number,number _heat,...
number _recup,num,dtheta,Ntu,Ntul,Ntu2,ti,tj,tc,th, Vi,Vj);
gamma = 5/3;
% setup pressure for first step
invpressurei = 0;
invpressurej 0;
for i =1:number
invpressurei = invpressurei + Vi(i,1)/ti(i);
invpressurej = invpressurej + Vj(i,1)/tj(i);
end
pressurei(1) = 1/invpressurei;
pressurej(1) = 1/invpressurej;
% setup mass in each volume for first step
for i=1:number
mi(i,1) = pressurei(I)*Vi(i,I)/ti(i,1);
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mj(i,1) = pressurej(1)*Vj(i,1)/tj(i,1);
end
% setup pressure and mass in each volume for future steps
invpressurei = 0;
invpressurej = 0;
for j=2:num
for i=1:number
ti(ij) =ti(ijj-1);
tj(i,j) = tj(i,j-1);
end
error _flag =0;
pressure oldi = 0;
pressure oldj = 0;
while errorflag == 0
invpressurei=0;
invpressurej=0;
for i =1:number
invpressurei = invpressurei + Vi(i,j)/ti(i,j);
invpressurej = invpressurej + Vj(i,j)/tj(i,j);
end
pressurei(j) = 1/invpressurei;
pressurej(j) = 1/invpressurej;
% setup mass in each volume for future steps
for i=1:number
mi(ij) = pressurei(j)*Vi(i,j)/ti(i,j);
mj(ij) = pressurej(j)*Vj(i,j)/tj(i,j);
end
% mass flow rates in each volume
Zi(1) =-( mi(1,j)-mi(1,j-1))/dtheta;
Zj(1) =-( mj(1,j)-mj(1,j-1))/dtheta;
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ZZi(1,j) = Zi(1);
ZZj(1,j) = Zj(1);
for i=2:(number-1)
Zi(i) = Zi(i-1) -( mi(ij)-mi(i,j-1))/dtheta;
Zj(i) = Zj(i-1) -( mj(i,j)-mj(i,j-1))/dtheta;
ZZi(ij) Zi(i);
ZZj(i,j) Zj(i);
if (-Zi(i))>O
aei(i) = -Zi(i);
else
aei(i) = 0;
end
if (-Zj(i))>0
aej(i) = -Zj(i);
else
aej(i) = 0;
end
if (Zi(i-1))>O
awi(i) = Zi(i-1);
else
awi(i) = 0;
end
if (Zj(i-1))>O
awj(i) = Zj(i-1);
else
awj(i) = 0;
end
end
if(-Zi(1))>0
aei(1) = -Zi(1);
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aei(1) = 0;
(1))>0
aej(1) = -Zj(1);
aej(1) = 0;
end
if (Zi(number-1))>0
awi(number)
else
Zi(number-1);
awi(number) = 0;
end
if (Zj(number-1))>0
awj (number) =
else
Zj (number-1);
awj(number) = 0;
end
% setup up matrix equation
AA = zeros(2*number,2*number);
AA(1,1) = ni(1,j-1)/dtheta + aei(1);
AA(1,2) = -aei(1);
bb(1,1) = mi(1,j- 1) *ti(1,j-1) /dtheta+ (gamma- 1) /gamma* Vi(1,j)*.
(pressurei(j)-pressurei(j-1))/dtheta;
AA(number+1,number+1) = mj(1,j-1)/dtheta + aej(1);
AA(number+1,number+2) = -aej(1);
bb(number+1,1) = mj(1,j-1)*tj(1,j-1)/dtheta+(gamma-1)/gamma*Vj (1,j)*...
(pressurej(j)-pressurej(j-1))/dtheta;
for i=2:(number 
_heat+1)
AA(ii) = mi(ij-1)/dtheta + aei(i)+awi(i)+Ntul;
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else
end
if(-Zj
else
AA(ii+1) = -aei(i);
AA(iji-1) = -awi(i);
bb(i,1) = mi (ij- 1) *ti (ij- 1) /dtheta+ (gamma- 1) /gamma* Vi (ij)*.
(pressurei(j)-pressurei(j-1))/dtheta+Ntul*th;
AA(number+i,number+i) = mj(i,j-1)/dtheta + aej(i)+awj(i)+Ntul;
AA(number+i,number+i+1) = -aej(i);
AA(number+i,number+i-1) = -awj(i);
bb(number+i,1) = mj (ij-1) *tj (i,j-1)/dtheta+(gamma-1)/gamma* Vj (ij)*...
(pressurej(j)-pressurej(j-1))/dtheta+Ntul*th;
end
for i =(number _heat+ 2): (number _heat +number _recup+ 1)
AA(ii) = mi(i,j-1)/dtheta + aei(i)+awi(i)+Ntu;
AA(ii+1) = -aei(i);
AA(i~i-1) = -awi(i);
AA(i,number+i) = -Ntu;
bb(i,1) = mi(ij-1)*ti(i,j-1)/dtheta+(gamma-1)/gamma*Vi(i,j)*...
(pressurei(j)-pressurei(j-1))/dtheta;
AA(number+i,number+i) = mj(i,j-1)/dtheta + aej(i)+awj(i)+Ntu;
AA(number+i,i) = -Ntu;
AA(number+i,number+i+1) = -aej(i);
AA(number+i,number+i-1) = -awj(i);
bb(number+i,1) = mj (ij-1) *tj (i,j-1) /dtheta+(gamma-1)/gamma*Vj (ij)*.
(pressurej(j)-pressurej(j-1))/dtheta;
end
for i=(number _heat+number _recup+2): (2*number _heat+number recup+1)
AA(ii) = rmi(i,j-1)/dtheta + aei(i)+awi(i)+Ntu2;
AA(i,i+1) = -aei(i);
AA(ii-1) = -awi(i);
bb(i,1) = mi(i,j-1)*ti(i,j-1)/dtheta+(ganmma-1)/ganmna*Vi(i,j)*...
(pressurei(j)-pressurei(j-1))/dtheta+Ntu2*tc;
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AA(number+i,number+i) = mj(i,j-1)/dtheta + aej(i)+awj(i)+Ntu2;
AA(number+i,number+i+1) = -aej(i);
AA(number+i,number+i-1) = -awj(i);
bb(number+i,1) = mj(i,j-1)*tj (i,j-1)/dtheta+(gamma-1)/gamma*Vj (ij)*.
(pressurej(j)-pressurej(j-1))/dtheta+Ntu2*tc;
end
AA(number,number) = mi(numberj-1)/dtheta + awi(number);
AA(number,number-1) = -awi(number);
bb(number,1) = mi(numberj- 1) *ti(number,j- 1) /dtheta+ (gamma-1) /gamma*...
Vi(number,j)*(pressurei(j)-pressurei(j-1))/dtheta;
A A(2*number, 2*number) = mj(numberj-1)/dtheta + awj(number);
AA(2*number,2*number-1) = -awj(number);
bb(2*number,1) = mj (numberj- 1) *tj (numberj-1) /dtheta+ (gamma-1) /gamma*
Vj(number,j)*(pressurej(j)-pressurej(j-1))/dtheta;
% Perform matrix inversion and compare results with previous time step
temp = AA\bb ;
for i=1:(number)
ti(ij) = temp(i);
tj(ij) temp(number+i);
end
errori = abs( (pressurei(j) - pressure _oldi) /pressurei(j));
errorj = abs( (pressurej(j) - pressure _oldj) /pressurej (j));
errorp = max([errori, errorj]);
pressure oldi = pressurei(j);
pressure _oldj = pressurej(j);
if errorp < 0.0001
error flag = 1;
end
end
end
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